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Abstract

Probability distributions of many random variables defined on a sample of size
n are known to be getting concentrated around a particular value exponentially
fast with increasing sample size. The Large Deviation Principle (LDP) is an
abstraction and a rigorous description of such behavior. In this paper we explore
several statements of the LDP and give a friendly yet rigorous exposition of its
essence using the notion of exponential decay and little-o notation. Further, we
prove some sufficient conditions under which one could infer that the LDP is
satisfied by a random variable just by looking at its density/mass function. We
also comment about the relationship between the LDP and the Central Limit
Theorem, and prove some sufficient conditions under which the satisfaction of
the LDP implies that a Generalized Law of Large Numbers holds.
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There are claims of originality at the beginning of the sections 2.3, 3 and 4. Please
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1 Introductory Example and Discussion

Let (X;,) be a sequence of independent and identically distributed (iid) bernoulli trials
each with sucess probability p and let M, = % be the ratio of successes in n
number of trials. We know that by the Law of Large Numbers (LLN) the probability
of M,, assuming values in an arbitrarily small open interval around F(M,,) =p= E(X)
goes to 1, i.e. probability distribution of M,, gets concentrated around p. We thus call
p a typical value of M,, (which is in line with the essence of mathematical expectation).
Further, if convergence in probability to p is exponentially fast, we could informally
say that M, satisfies the Large Deviation Principle. Indeed, we shall see shortly that
the probability of any atypical outcome of M, (i.e. a realization of M, that deviates
from a typical value p) decays exponentially fast (in fact, as we will see later, the
same is true for any iid sample mean, for which a typical value coincides with the
expectation, as it should). This explains the word “Deviations” in “Large Deviations”.
Further, the Central Limit Theorem (CLT) tells us that the probability distribution of
M, is asymptotically normall as it gets concentrated around p. However, asymptotic
normality holds only near p and the CLT fails to provide good approximation for
probabilities of deviations that are of order greater than n"3 (see [7] for a more detailed
discussion). The tools of Large Deviations Theory, however, apply to any deviation no
matter how large and is in this sense an extention of the CLT. Hence “Large” in “Large
Deviations” We illustrate these ideas in more detail by computing a probability mass
function of M,,. We follow the derivation given in [4].

We want to estimate the probability of a ratio of successes in n number of trials,
ie. Pr(M, = %), or equivalently, Pr(S,, = |ns]), where S,, =>}_; Xj, s € (0,1), and
|ns| denotes the largest integer less than or equal to ns. We then have by binomial
distribution that
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where the approximation is given by Stirling’s formula - m! ~ e¢=™m™\/27wm, which



means that
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We will discuss the meaning of ” &~ 7 and its relation to little-o notation in greater

1.

detail in Section 2.1. For now we will simply state that ” &~ ” means that in the limit
the approximation error is an arbitrarily small fraction of the approximation (we will
see shortly that our approximation is a decaying exponential in n; it then follows that

in the limit the error is shrinking to 0 at least exponentially fast).

n,|ns]q_,\n—|ns] ns (. n—mns
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By direct computation, we have that
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where .
I(s) = slogf + (1—s)log . -2
p

Moreover, using the following bounds (all of which follow from the definition of |ns]),

ns—1< |ns| <ns
n(l—s)<n—|ns] <n(l—s)+1

n%s(1—s)—n(l—s) <|ns|(n—|ns|) <n?s(1—s)+ns

it can be shown that o(n) < a8, < o(n), where o(n) denotes a sublinear expression, i.e.

an expression g(n) such that @ — 0 as n — oo (a detailed discussion of the meaning

of o(n) follows in Section 2.1). Thus, oy, = o(n) and so does log(ay,fy). Hence, we

have that —_— o
Py = [ns]) ~ anfy e Z =P nty(s)+o(n)

ns"(n —ns)n-ns

and log P(S I
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- is known as the large deviation limit and I,(s) is called

where lim,, oo

a rate function of S, (or equivalently of M,). Also note that although for s =0,1



the approximation is not defined, we have by direct computation that P(S, = [ns]) =

(U?SDmej (1—p)"~ [ns| — o—nlp(s).

Observe that I,(p) =0 and 0 < I,(s) < oo for all s # p, s €[0,1]. As we will see in
Section 2.2, this is equivalent to the statement that every event of the form S,, = |ns]
with s # p decays exponentially fast with rate I,(s). The existence of exponential decay
usually suggests that the LDP is satisfied, and we could informally state that the LDP
holds whenever the large deviation limit exists, is finite-valued and not identically zero
(such informal formulation is given, for instance, in [6]). In Sections 2.2 and 2.3, we
will give a more rigorous formulation of the LDP and in Section 3 we will revisit our
introductory example in light of a more precise formulation. In Section 3, we will also
show how one can in some cases infer from probability mass/density functions that a
random variable satisfies the precise statement of the LDP.

Note that [;(s) = log 2 —log L;;, and I}/(s) = ﬁ Thus, I,(s) is strictly convex:
it increases at a rising pace as s moves away from p. We will see in Section 2.5 that
strictly convex rate functions are common, and in Section 2.3 we give a formulation of
the LDP in terms of strictly convex rate functions and tails of a probability distribution.

The paragraph that follows is inspired by a comment about the LDP and the CLT
n [2]. Observe that 1,;1(0) = p = E(X), I(p) =0, and [} (p) = 555 = gg(- Thus, if
we let s =p+ % and take a second-order Taylor series expansion of I, (s) around p, we
have that

u2 3 1 u? 3

1
/ " -3\ _ _3
Note that f is a realization of a random variable f = M,, —p, while s is a realization
of M,, where we treat M, as a continuous random variable since its support given by

{%|k: =0,1,...,n} is a dense subset of [0,1] in the limit. Further, observe that

u? _1 w2 (u—E(U))?
nly(s) = E%—O(n 2) — 207 = 202 (1.2)

2
where E(U) = 0 follows by definition of %, and o2 = 0% since Var(p+ %) =U =

—

2
Var(M,) == (%X Also, observe that if we take a deviation of order greater than n™2

u

(e.g. if we replace 7 with %), the asymptotics in (1.2) will not hold, as we have
n4

claimed at the beginning. Moreover, we will see in Section 2.5 that the arguments



above readily apply to any iid sample mean. This suggests that the LDP is in line with
the CLT.

Lastly, in Section 4 we will discuss the relationship between the LDP and LLN with
more formality. Namely, we will prove that any random variable Y,, that satisfies the
LDP with a twice differentiable strictly convex rate function I(y) converges weakly
in probability to an arbitrarily small open interval around 7-1(0). From there we will
obtain the Weak LLN for an iid sample mean, which will be readily applicable to our

introductory example.

2 The Large Deviation Principle

Although the most general and rigorous formulation of the LDP involves a general
topological space, in this paper we will limit ourselves to random variables defined on
the real line. This limitation, however, is inconsequential for introductory purposes,
since the essence of the LDP is invariant of the space it is defined on (we will see this
in Section 2.4, where we give a precise statement (but not a rigorous formulation) of
the LDP for a general topological space).

Before we turn to the meaning of the LDP, we devote a brief section to the idea of
domination, which will allow us to describe the LDP intuitively without losing precision.
Moreover, we will rely on the idea of domination to derive a formulation of the LDP
in terms of tails of a probability distribution in Section 2.3, and to prove some results
regarding the relationship between the pdf/pmf (probability density /mass function) of

a random variable and the LDP in Section 3.

2.1 Domination

Let f(n) and g(n) denote two arbitrary functions of n. If g(n) becomes much larger
than f(n) as n — oo, we say that g(n) dominates f(n) and write f(n)=o0(g(n)), which
reads as “f(n) is little-o g(n)”, or “f(n) is of order less than g(n)”. More precisely, this
means that limn%m% = 0, which we formalize below using a trivial rearrangement

of the precise definition of the limit.

Definition 2.1. (Domination) f(n)=o0(g(n)) iff Ye >0 Im. € N such that |f(n)| <

elg(n)| for n > me.



This formulation is convenient, because intuitively it reads as: “eventually |f(n)] is
less than an arbitrarily small fraction of |g(n)|”.

For an arbitrary expression hj(n), we say that ha(n) is a good asymptotic approx-
imation of hi(n) and write hq(n) ~ ha(n) iff in the limit the error of approximation
becomes an arbitrarily small fraction of the approximated expression hj(n). We for-

malize this definition below.

Definition 2.2. (Good Asymptotic Approximation) hi(n) = ha(n) iff hi(n)—
ha(n) =o(hi(n)).

We prove some elementary consequences of Definition 2.2 next.

Proposition 2.1. The following are equivalent:

(a) hi(n) —ha(n) = o(hi(n))

(¢) hi(n) —ha(n) = o(ha(n))

—

Proof. Denote hy2(n) by hi2. We prove the following implication chain: (a) = (b) =

(¢) = (a):

T h . hi+(ha—hy . h : hao—hy

(@)= (b) : limy 00 h—f = lim, 0o % =limy_ 00 i +1limy, oo % =140=
1.
hi=hy h ) hy

C1s hi—h . . 1Mnp—oo 7 —HMNn—o0 F 1-1

(0) = () & limp 00 42 = iy 00— — = - 1_} =1 =0.
h n—oo
1h1—h2 lim ! h1—ho

BT hi—hs _ 1: ho _ "0 Ry __ 0 _

(C) = (a) : hmn—>oo I3 == llmn—>oo }11-0-};2—}12 - limy, s h1h_h2 +limn~>oo%_0+1 = 0.
2 2 2

]

The meaning of the approximation in our introductory example should now be

clearer. We prove a statement that will be used throughout the paper next.

Fact 2.1. Observe that if 0;(n), i =1,2,..,m, are m arbitrary expressions of order less

than n, then limy,_ oo M =0. Thus, Y11 0i(n) =o(n). We will use this fact

to prove the following proposition.

Proposition 2.2. Let g1(n) and g2(n) be two arbitrary expressions of order less than
n and let 0 < ki < ko, k12 € R. Then, e~ hatg2(n) — o=k tg1(n)),
Proof. Observe that % = e Mk2=k)+9(n) where g(n) = ga(n) — g1(n) = o(n),

by assumption and Fact 2.1. Thus, if we let 0 < § < ko — k1, we have by Definition 2.1



that 3N € N such that for n > N |g(n)| < én, which implies that

g(n) <én,
g(n) —n(ky—ki) <on—n(ks —ky)
g(n)—n(k‘g—k‘l) < —n(k‘Q—kl—CS). (2.1)

Since 0 < kg — k1, —n(k2 — k1 — ) — —o0 as n — oo, and thus g(n) —n(ky — k1) — —o0.
It follows that e~ "k2=k1)+9(n) _ 0 and e~ "k2t92(n) = o(e=mk1+91(n)) a5 desired. O

2.2 Large Deviation Principle and Exponential Decay

In this section we give a narrow formulation of the LDP and relate it to the notion of
exponential decay. As we will see in Section 2.4, the narrow formulation that we give
below is only a sufficient condition for the LDP to hold. This section expands on the

discussion of [6] regarding the little-o notation and the LDP.
Definition 2.3. (Narrow LDP) A random variable Y, satisfies the large deviation
principle with rate function 1(y), if for any set B C R such that Pr(Y,, € B) #0

lim logPr(Y,, € B)

n—oo n

= —inf,cpl(y).

We call —inf ,cpI(y) the probability decay rate, or just a decay rate, of a set B. To
relate Definition 2.3 to exponential decay, we prove the following fact:
Proposition 2.3. limn%ww =—inf,cpl(y) & Pr(Y,eB)= e—infyepl(y))+o(n)

Proof. Let inf yepl(y) = Ip. Assume Pr(Y,, € B) = e~™MB+o() Then

logPr(Y,, € B)

hmn*}oo n - nh%nc}o n -
i —nlg+o(n . o(n
= hmnﬁooB—() =—Ip —|—hmnﬁooﬁ =—Ip.
n n
Now assume lim n_wow = —1Ip. Since Pr(Y,, € B) > 0, we can represent it as
n

Pr(Y, € B) = o~ p+(nIp+logPr(YaeB))

Observe that
nlp+logPr(Y;, € B) It logPr(Y,, € B)
= 1B

n n

)



where — —Ip, by assumption. Hence — 0 and thus nig+

logPr(Y,, € B) = o(n), as desired. O

logPr(Y,€B) nlg+logPr(Y,€B)
n n

We write Pr(Y,, € B) < e~ Minfyenl¥) to indicate that Y}, satisfies the LDP with rate

function I(y), where by a,, < b, we mean that lim n%oobg% =lim n%m%. Notice that

2

=" is very different from ” &~ ” discussed in Section 2.1.

Notice that if a random variable Y, satisfies the LDP, it has to be that for any BC R
inf eI (y) > 0, for otherwise Pr(Y; € B) = e fyenlW))+o(n) will eventually exceed
1. Therefore I(y) is always non-negative. In general, it is possible for I(y) to have more
than one zero (see Section III.LE.7 of [6], for instance). However, usually I(y) =0 for a
unique yg € R and that is what we assume in this paper unless otherwise stated.

If I(y) is continuous in the sense that lim, ./ (y) = I(a) and has a unique zero yp,
then by Proposition 2.3 it is clear that Definition 2.3 states that probability of any set
that does not contain some open ball around g decays exponentially fast at the rate of
its (asymptotically) most likely elementary event (by elementary events we mean events
of the form {Y,, = y,} in the descrete case and events of the form {Y,, € (y,y+dy)}
in the continuous case). It then follows that the probability of an arbitrary open ball
around g is going to 1, i.e. probability gets concentrated around a single value in the
support of Y,,. This suggests that Y,, satisfies the weak law of large numbers, which we
discuss in more detail in Section 4.

Also notice that if B-(yp), € > 0 denotes an arbitrary open ball around yg, then
the decay rate of B.(yp) is 0. This fact is natural and necessary since Pr(B:(yo)) — 1.
However, the convergence of Pr(B:(yp)) tol is not a consequence of its decay rate being
0. If we look at the pmf of our introductory example, we see that Pr(S,, = |np|) — 0 even
though its decay rate equals 0. This is because the decay rate is in essence exponential:
it being zero simply means that exponential decay does not take place - it does not
provide information about the direction of subexponential changes. This property can
be inferred from Proposition 2.3 by observing that probability of a set with a decay

rate of 0 is simply ().

2.3 LDP In Terms of Strictly Convex Rate Functions and Tails
of Probability Distribution

In some texts (e.g. [3]), the LDP is informally stated using the tails of probability
distributions. In this section we are going to give an original proof that the




narrow LDP of Definition 2.3 can be formulated in terms of probability tails and strictly
convex rate functions (such rate functions are very common as we will see in Section
2.5). Note that, as will be shown below, such a formulation is in line with Definition

2.3, but is not its equivalent, since not all rate functions are convex.

Lemma 2.1. Let Sy, denote the support of a random variable Y, and let Sy = limy Sy, .
For any set B C R, let By = BN (—o00,yo] and B = (yo,00) so that B = By U Ba. If
I: S8y — {0}URT is twice differentiable strictly convex function with I(yg) =0, then
Yo is a unique zero of I1(y) and for any set B C Sy

iné](y) =min{I(sup By), I (inf B2)}.

ye

Proof. Recall from calculus, that since I(y) is strictly convex, I”(y) > 0 Vy € Sy . Notice
that since I(y) > 0 it has to be that I'(yp) = 0 (otherwise I(y) will be negative to the
left or to the right of yg). Since I'(y) is strictly increasing everywhere in its domain,
I'(y) <0 for y < yg and I'(y) > 0 for y > yg. Simply put, I(y) is strictly increasing as

y goes away from yg. The following results trivially follow:

inf I(y) =1 B
inf 1(y) = I{sup Bu})

inf I(y) = I(inf By})

yEB3
I71(0) = {wo}

where inf ,cpl(y) = min{/(sup B1),I(inf B2)} readily follows from above. O

Remark 2.1. Note that if B = {y1} U (y2,93), yo < y1 < y2 < y3, then for continuous Y},
with a pdf fu(y), Pr(Yy € B) = [ fu(y)dy + [ fu(y)dy = [ fu(y)dy = Pr(Y, € BY),
where B’ = (y2,y3). On the other hand, inf yepI(y) = I(y1) # I(y2) = inf yep/ I (y) and
thus by Proposition 2.3 Pr(Y, € B) = e W) +o(n) £ (Y, € B) = e~ (W2)+o(n) e
resolve this discrepancy by noting that with sets like B inf I(y) should be taken over
the interior, since there exists an open ball around y; that does not contribute to
Pr(Y,eB). 1

Lemma 2.2. Let I1(y) be defined as in Lemma 2.1 and let y > I=1(0). Then, for any
e >0,

10gPr(§n >y) 1) = T L i(y,yﬂ)) — 1),

lim 500

10



Proof. Observe that by assumption and Proposition 2.3,
Pr(Yy € (y,y+¢) = Pr(Y, > y) — Pr(Y, > y+¢) = e Wron) _ o=nlly+e)toln) (2 9)
Also note that

Pr(Y, € (yoy+ &) — e~ He)Fo(n) _ g=nI(u)+o(n) _ g=nl(+e)+0(n) < y(y, & (y.y+¢)
(2.3)

and

e—nl(y)+o(n) i 2€—nl(y—|—€)+o(n) _ e—nI(y)+o(n) i O(e—nl(y)+o(n)) . le—nl(y)—ko(n)' (2‘4)

2
The equality in (2.4) follows from Proposition 2.2, and by ” > ” we mean “is greater
than for large enough n”, which in turn follows from the meaning of little-o. Putting
together (2.2), (2.3) and (2.4), we have that for large enough n,

;e—nl(y)+0(”) < Pr(Y,, € (y,y+¢) < e I®+om),

which, by Squeeze Theorem from calculus, implies that

iy 108Pr(Yo € (y,y+2)) Ity

n—oo n

]

Remark 2.2. The proof above can easily be modified to show that for y < I=(0) and

PRSI _(y) — li, o P 1)

e>0, limy s

Theorem 2.1. Let I(y) be a twice differentiable non-negative strictly convez function
with a unique zero yg. Then, a continuous random variable Y, satisfies the LDP with

rate function 1(y) if for any y1 <yo and any yz > yo

logPr(Y, < y1)

limp o0 n = _I(y1>
. logPr(Y,, >

Proof. Let B= B1UB> be an arbitrary set in the support of Y,,, where By and Bs are de-
fined as in Lemma 2.1. Recall that, by Lemma 2.1, inf e g I(y) = min{I(sup B1), I (inf By)}.
Without loss of generality, assume I (sup B1) > I(inf Bo), i.e. inf yepI(y) = I(inf Ba) (the

11



proof is identical for the other case). Moreover, assume inf By is not isolated, i.e. 3¢ >0
such that (inf Bo,inf Ba +¢) C By (if inf By is isolated, consider instead infint(B2) as

justified in Remark 2.1 and continue). Notice the following inequalities:
Pr(Y,, € [inf By,inf By +¢) < Pr(Y,, € B2) < Pr(Y,, € [inf B2, 00).

By assumption and Lemma 2.2,

lim log Pr[Y,, € [inf By, 00)] — I(infBy) = lim logPr[Y,, € [HlfBQ,leBQ—Fé)]'

n—oo n n—oo n

Thus, we have by squeeze theorem from calculus that

logPr(Y, € B
li 08P EB) _ pgep

n—oo n

Applying similar reasoning to Bj, we have that

lim logPr(Y,, € By)

n—oo n

= —1I(supBy).

Observe that By and By are disjoint and thus P(B) = P(B})+ P(Bg) = e~ (supBi)+o(n) 4
e~ (inf Ba)+o(n) where the last equality follows from Proposition 2.3. Since, by assump-
tion, I(sup By) > I(inf Bg), we have by Proposition 2.2 and the definition of little-o that

for large enough n,

e—n[(infBg)—i-o(n) <P(B) <2€—n[(infBg)—|—o(n)

which, by squeeze theorem from calculus, implies that

lim logPr(B)

n—oo n

— —I(inf By) = —inf ye g1 (y), (2:5)

where the last equality follows by our assumption at the beginning of the proof. Since
B is an arbitrary set in the support of Y, (2.5) is exactly the statement of Definition
2.3 and the proof is complete. O

Remark 2.3. Note that the proof of Theorem 2.1 readily applies to discrete random
variables if I(y) can be obtained as twice differentiable function as in our introductory
example. Moreover, whenever the support of Y, can be obtained as a continuous one,

one need not worry about the isolation of inf By as long as it is in the support of Y,

12



(recall that we have obtained [0, 1] as a support of our discrete introductory example).
H

Recall that if Y}, is a continuous random variable with a pdf (probability density
function) f,(y), then Pr(Y, € (y,y+dy)) = f(y)dy. Thus, if Y,, satisfies the LDP with
strictly convex rate function I(y) it has to be by Proposition 2.3 and Lemma 2.1 that
for y > I=1(0)

Fuly)dy = e~ W)Ho(n)

which implies that

Faly) = e~ (y)+o(n)—log(dy) _ ,—nl(y)+o(n)

On the converse side, we will show in Section 3.2 that a continuous random variable Y,
satisfies the LDP with rate function I(y), if its pdf admits the form e/ (#)+o(") where
I(y) is a non-negative twice differentiable strictly convex function and the expression
under o(n) does not depend on y, or is bounded in y. Moreover, we will see in Section
3.1 that a similar statement also applies to a pmf of a discrete random variable that
satisfies the LDP.

2.4 Precise Statement of the Large Deviation Principle

As we have stated at the beginning, the formulation of the large deviation principle is
essentially an attempt to abstract a particular property that many random variables
exhibit. As we saw in the previous subsection, the LDP is a statement about exponential
decay of asymptotically atypical events. The statement that we gave in Definition 2.3,
however, is relatively narrow and does not encompass other common cases in which
atypical events decay exponentially fast. A broader formulation of the LDP follows

next. The Large Deviation Principle statement is taken from [5].

Definition 2.4. (Large Deviation Principle) A random variable Y, satisfies the
large deviation principle with speed sy, and rate function I(y) if and only if for any set

A C x the following two conditions are satisfied:

logP (Y, € A)

limsup < —inf I(y)
n—00 Sn yeA
logP(Y, € A
liminfM >— inf I(y).
n—00 Sn yeint(A)

13



x denotes a general topological space. s, is some expression such that s, — oo as
n — oo. For a sequence ay,, liminf, o ap = limy o0 inf{ag }r>y and limsup,, . an =

limy, oo sup{ag }x>n. Let i, = inf{%}@m Cn = sup{%}@n. Also let
logP(Yn€A) logP(Yn€A)

S and Lo =limsup,, ,,, ——————=.

L1 =liminf,, . .
n

Observe that ¢,, = L1 + iy, — L1, where ¢,, — L1 — 0, since ,, — Ly. Thus, 7,, = L1 +
o(1). Likewise, ¢, = La+o(1). Hence, Vn € N

< logPr(Y,, € A)

Ll—{—O(l) SLQ“‘O(l).

Sn

Observe that o(1) x s, = o(sy,), for 0(1{2% =0(1) = 0. Thus, the inequalities above are
equivalent to

esnlito(sn) <Pr(Y,eA) < esnLlato(sn)

Hence, if we let T4 =inf _ I(y) and I4_ =inf I(y), we have that

yEint(A)

esnla—tolon) < Pr(Y, € A) < ¢~ nlartolon)

Observe that if s, =n and J4— = I44, then inf _ I(y)=inf _, , 4 I(y) =inf  I(y)
and thus
Pr(Y, € A) = ¢ "infyea 1) Foln) (2.6)

Hence, the LDP as formulated in Definition 2.3 is just a special case of a broader

formulation that we have above. Also note that (2.6) can hold even when I4_ # I44
logPr(Yn€A)

- = L. For instance, if we consider our

if L1 = Loy = L, in which case lim,,
Bernoulli iid sample mean M, from Section 1 in light of sets of the form A = {%} U
(M, @), p < s1 < sz <sg, then we have that inf__, , , I(s) =1I(s2) #inf _, I(s) =

n n
I(s1). Even so, we will see in Section 3.1 that lim,HooM = —infeeq I(s) =

—I(Sl). '

2.5 Gartner-Ellis Theorem and iid Sample Mean

Two of the most important goals of the Large Deviations Theory is identifying cases
in which the LDP is satisfied and coming up with ways of calculating rate functions
(combinatorial approaches are not always effective or efficient). Gértner-Ellis (GE)
Theorem is one of the most important results in this direction, for it accomplishes both

tasks for a large class of random variables.
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Let Y, be a random variable defined on R? and let the scaled cumulant generating
knYn
function of Y, be defined as A\(k) = lim;, logE(e™ ™)

- . We give the statement of the
Gértner-Ellis Theorem as formulated in [7] below.

Theorem 2.2. If A\(k) is finite, and differentiable for all k € R?, then Y, satisfies the
LDP with rate function

I(y) = sup {ky — A(k)}.
keRd

Note that the rate function of our introductory example can alternatively be ob-
tained through GE theorem: using iid properties one can easily show that in case of an
iid sample mean A(k) is reduced to the log of moment-generating function of the un-
derlying distribution; the rate function can then be easily obtained using methods from
calculus. See [6] for examples and a detailed discussion of the Gértner-Ellis Theorem.

Here we simply state basic facts that follow from GE theorem above:
o Any rate function obtained through GE is strictly convex.

e Any iid sample mean with underlying random variable X satisfies the LDP with
speed s, =n and rate function I(x). Further, letting F(X) = u, we have that

1

I(p)=0,1'(11) =0, 1" (1) = T

The second fact shows that the comment about the LDP and CLT made in Section 1

applies to any iid sample mean.

3 Inferring Large Deviations From Density/Mass

Functions

By now it should be clear that if a discrete random variable Y;, satisfies the LDP, its pmf
has to be a decaying exponential in n for atypical values of Y,,. We also said in Section
2.3 that if f,,(y) is a pdf of a continuous random variable Y;, that satisfies the LDP, then
fn(y)dy - the probability of an infinitesimal interval not containing a typical value of Y,
- decays exponentially fast. Note, however, that these are only neccessary conditions for

the LDP to hold, for by Definition 2.3, probability of any set not containing a typical

15



value of Y), has to be decaying exponentially fast. This, however, is not immediate
from above, for it is not obvious that the sum of infinitely many decaying exponentials
decays exponentially fast. In the two subsections that follow we address the discrete
and continuous cases separately and prove sufficient conditions under which the infinite

sum of decaying exponentials indeed decays exponentially fast. Proofs that follow

in the two subsections are original.

3.1 The Discrete Case

Recall from our introductory example that if S,, represents the sum of n iid Bernoulli

trials each with success probability p, then any event of the form {% = Ln—sj}, s #p,

n
decays exponentially fast. However, it does not readily follow that % satisfies the LDP
as formulated in Definition 2.3, for one needs to show that the tails of a probability
distribution of % decay exponentially fast. This fact is not immediate, because the

support of {S—; > LZ—SJ} given by { Lni{“, L"SAH ..., dnsl +Z_ [ns] } contains infinitely many

terms in the limit, for the number of elements in the support n — [ns| — oo. In fact,
after we expose the proof that our introductory example satisfies the LDP, we will show
that some infinite sums of decaying exponentials do not decay at all, and will see how
an infinum of a rate function affects the asymptotic behavior of a probability of a set.
Lastly, we will generalize our proof to derive sufficient conditions for a discrete random
variable to satisfy the LDP.

Theorem 3.1. Let S, be the sum of n iid Bernoulli trials each with success probability
p and let 1(s) be the rate function obtained in Section 1. Then, for s € (p,1)
logP

n—oo n

Proof. Observe that for s € [0,1],|ns] € {0,1,2,...,n} for any given n. Also recall that
for s = 0,1 one need not apply the approximation in 1.1, for it is immediate that

P(Su = ns]) =

Ln plrsl (1 —pyn=lnsl — ¢=n1() (in fact, the approximation is not
ns

defined for s =0,1). Thus, for any n the values of |ns| to which approximation is applied
range from 1 to n—1. It can be shown using this fact that log(a,,3y,) is bounded in s by a
sublinear expression in n (recall from Section 1 that P(S,, = [ns]) ~ e ™p(s)+log(anfn) —

e~ Mp(8)0s(n) \where 0s(n) denotes a sublinear expression in n that also depends on s).

16



Let o(n) denote an upper bound of log(ay,5y,) in s that is of order less than n. Further,

observe that

): P(Sn — LTLSJ) ~ efnlp(s)ﬂ)s(n) < efnlp(s)Jra(n).

Also note that the support of {S,, > |ns|} is given by {|ns|+1, |ns]+2,...,|ns] +n—
|ns]}. We then have that for s € (p,1)

n—|ns| n—|ns| el
P(Sy > |ns|)= Z P( n_L<|‘nSJ ) n))~ > e —nl (2 o, (n)

=1

Recall from Lemma 2.1 that since s > p, I attains its minimum at LnSHl for any given
n. Thus, if 01(n) denotes a sublinear term in the expression for P(S L( LnsJH) nl),

we have that

e (01 (0) - PSS [ns|) < ne~ (R FO0) — gmnl (5 o(n)
where o(n) in the rightmost expression is a function of n only. It is then immediate

from inequalities above that

LnsiJrl)Jr 017(:1) - logPr(S:l> [ns)) < )+ O(:)- (3.1)

—I(

Further, note that = M < M where both bounds equal s in the limit. Thus,

as n — 0o, L"SH

— s and, by contlnulty of I, I( LnSTJLH) — I(s) (recall from Section 1
that [ is dlfferentlable). Thus, by definition of o(n), both bounds in (3.1) go to —1(s)

and we have by squeeze theorem from calculus that

lim log Pr(S,, > |ns])

n—oo n

=—1(s),

as desired. [
S . . .
Corollary 3.1. 22 satisfies the LDP with rate function I(s).

Proof. Observe that events {S, > |ns|} and {S,, > ns} have the same support and thus
Pr(S,, > |ns]) =Pr(S, >ns) =Pr(M,, > s), where M,, = % Hence, lim,, o0 logPr(Mn>s) _

n

—I(s). Moreover, modifing the proof of Theorem 3.1 for Pr(S,, <ns), s € (0,p), one can
log Pr(M,<s)

easily show that lim, ;o =—=— "=+ = —I(s). It then follows from Theorem 2.1 and
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Remark 2.3 that M, satisfies the LDP with rate function I(s). O

Remark 3.1. Note that if we modify the proof of Theorem 3.1 for s € (p—e,p+e¢), e >0,

log Pr(Mn€(p—e,pte)) _
n

we will get that lim, —I(p) =0, which yields no information
about the behavior of Pr(M, € (p—e,p+¢), as we have explained in Section 2.2. Tt
then follows from Corrolary 3.1 that Pr(M,, € (p—¢,p+¢) — 1 and so does Pr(M,, €
(p—e,p)U(p,p+e)), since Pr(S, = |np|) — 0. This fact is interesting, for like Pr(M,, >
s), s € (p,1), Pr(M, € (p—e,p)U(p,p+¢)) is the sum of infinitely many decaying
exponentials in the limit. The difference between the asymptotic behavior of the two
can be attributed to the fact that arbitrarily small decay rates of exponentials that
appear in the expression for Pr(M,, € (p—¢e,p)U(p,p+¢)) as n — oo fail to offset the

effect of the summation of the enlarging series. B

Lastly, we state a corrolary that readily follows from the discussions in this section.

Corollary 3.2. A discrete random variable Y, with support Sy, and pmf p,(y) satisfies
the LDP if the following four conditions are satisfied:

(1) puly) = e ™MW where I(y) is a non-negative twice differentiable strictly
convex function with 1-1(0) # 0

(2) o(n) term in the expression of py(y) does not depend on y or is bounded in y;

(3) ISy, | = e”™;

(4) limy, 00 y1.2(n) =y, where y1 (n) =min{(y,00) NSy, } and y2(n) =max{(—oo,y)N
Sy, }.

3.2 The Continuous Case

We claimed in Section 2.3 that if a continuous random variable Y,, satisfies the LDP
with strictly convex rate function I(y), then its pdf can be written as e/ ¥)+o(n) In
this section, we are going to prove that any continuous random variable Y,, satisfies
the LDP with rate function I(y), if its pdf admits the form e~/ W+ where I(y) is
strictly convex. We first prove the case in which the expression under o(n) does not
depend on y, and then extend the result to the case in which o(n) term depends on but

is bounded in y. In the proofs that follow we assume that the support of Y, is R.

Lemma 3.1. Let I(y) be a twice differentiable strictly convex function on [c,00), ¢ >
I7Y0). Let Al =1I(c+ke)—I(c+ke—35), e>0, k€N. Then, N1l > Dyl
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Proof. Notice that for a > ¢, I(a+¢) = I(a)+ [T I'(t)dt = I(a) +I(a+¢) —I(a). We
know from calculus that a twice differentiable function is strictly convex on [c,00) iff
I"(y) >0, y € [c,00). Thus, for y >a>c, I'(a) < I'(y) and so el'(a) = [T I'(a)dt <
[9F€ ['(t)dt. Hence,

I(a+e) > I(a)+el'(a)
and

I(a+ %) > I(a— %) vel'(a— %)

Subtracting the two expressions, we get

I(a+e)—I(a+ %) > I(a) — I{a— §> ve(I'(a)—I'(a— g)).

Ifc<a—35,I'(a)—I'(a—5) >0 (by strict convexity of I) and thus I(a+¢)—I(a+5) >
3
s k
29

I(a) —I{a—5). Replacing a with c+ ke, we have that ¢ < c+ ke — € N, and thus
we get

I(c+ (k+1)e) —J(c+(k+1)e—g) > I(c+ke)—I(c+ ke — g),
which is exactly Apy1l > Apl. O]

Corollary 3.3. With n €N, e "I is a decreasing sequence in k.
Proof. This follows immediately from Lemma 3.1. [

Lemma 3.2. A; 1 =0(Ag), Ax = f;:éf+1)s e~ W+om) gt | e {0}UN, ¢> I71(0).

Proof. Since I'(y) > 0 for y € [¢,00), we can denote an upper and a lower bound of Ay
by A,[CJB — ge—n(ethe)to(n) 4pq AéB = %e*"I(CWLkEJF%)*O("), respectively. Thus, we have
that

UB ce—nd (ct+(k+1)e)+o(n)

lim —ktl —1im =
L AﬁB n—00 %e—n](c-q—ke—k%)—f—o(n)

(3.2)

— lim 2e Akl —
n—=oo ’

where the last equality follows from A1 > 0. Rewriting (3.2) using the precise state-

ment of the limit, we get

Ve>0 dm. €N such that A,({fl <eALB for n>m..
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Since Apy1 < A,[c]fl and AéB < Ap, we have that
Ve >0 dm: €N such that Apy1 <eAp for n>me,

which is the desired result. O
Lemma 3.3. For any e >0, [ e M OFo(n) gt g [t p=nl(t)+o(n) gy 1

Proof. Notice that [>° e~ ()+o(n) g — y200 ofcjkfﬂ Femn IO+ dt = Ag+ 520, Ay To
prove this Lemma, we need to show that Y72 Ax = 0(Ap). As we have shown in the

proof of Lemma 3.2,

AUB
Jdm €N such that for n>m ﬁ:%—n&11<5’ 0<d<1.
0
Thus, by Corrolary 3.3,
AUB
VkeN kL 5 for n>m,
Ak

which implies that
VkeN Api1 <0Ar for n>m.

It then follows that for n > m,
A < 6Ap_q < 0%Ap_o < ..< 3" 1A4;.

Therefore,

o0

oo 9] o0
S A=A+ Y Ap < A+ YA = A (14 D 6.
k=1 k=2 k=2 k=2

Notice that (1+3%2,8%71) is an infinite geometric series with 0 < § < 1. Thus, (1+
S, 0F ) = ﬁ. Hence, we have that

1
0< Z A < Al( )
k=1 -9
1
It then follows by Lemma 3.2, lim, o A15410*5) = 0. Hence, by Squeeze Theorem from

IRecall from Section 2.1 that h; ~ hy means that hs is a good asymptotic approximation of k1, i.e.
h1 — hz = O(hg).
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calculus,z’j;;Ak — 0 as n — oo and thus > 52 Ax = o(Ap). O
Theorem 3.2. Let I(y) be a non-negative twice differentiable strictly convez function
with I71(0) = yo. If a pdf of a random variable Yy, admits the form e~ @)+o(n) yhere
o(n) does not depend on y, then for ¢ >y

lim log Pr(Y;, > ¢)

n—oo n

=—I(c).

Proof. By Lemma 3.3, for any € > 0,

Pr(Yy > )= [ e O [T Orom) gy

C
or equivalently,

c+e cte

Pr(Y, > ¢) = / e~ (B)+o(n) gpy (3.3)

C

ent(t)+o(n)dt+O</

C

By definition of little-o, 4N € N such that for n > N
O(/C+E 6—nI(t)+o(n)dt) < /c—i—e 6—n](t)—|—0(n)dt
C C

and thus .
CT€&
Pr(Y, > ¢) < 2 / e (o) gt (3.4)
C

We have shown in the proof of Lemma 2.1, that I(y) is strictly increasing on (I~1(0), 00).

Since ¢ > I~1(0), we have the following inequalities:

£ eniterfrotn) [ T eI W) oln) gy < o) boln). (3.5)
n c

It then follows from 3.3, 3.4 and 3.5 that for large enough n,

£ enl(e+)+o(n) P(Y,>c¢c) < 2ee " (€)Fo(n)
n

Further, observe that

1og(%e—”f(c+%)+o(”)) _loge—logn—nl(c+5)+o(n)
n - n
o(n) L
n

€
— e+ 5+ &Y
(c—l—n)—i—
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and

log(2ee "1 (c)o(n))  log(2e) —nl(c)+o(n)

n n
o(n
:—I(c)—k—) = Lo
n
Also notice that los Pr(Y.
Ll < w < LQ.

n
Recall from calculus that since I(y) is differentiable, it is continuous, i.e. limy.I(y) =
I(c). Thus, lim L1 = —1(c). Observe also that lim, oo L2 = —I(c). It then follows

from Squeeze Theorem from calculus that

lim log Pr(Y;, > ¢)

n—oo n

= _I<C)>

as desired. O

Corollary 3.4. Let fn(y) be a pdf of a random variable Y, and let I(y) be defined as in
Theorem 3.2. If fa(y) = e ™M WFos() where o,(n) is a sublinear expression in n that
depends on but is bounded in y, then for ¢ > 1-1(0)

lim log Pr(Y,, > ¢)

n—oo n

=—1(c).

Proof. Let o(n) and o(n) denote an upper and a lower bound of o, (n) in y, respectively.
Then, we have that

o) +0(n) < —nI(y)toy(n) < ,~nl(y)+a(n)

Following the reasoning in the proof of Theorem 3.1,

logfoo —nl(t)+0(n) gt logfoo —nl(t)+o(n) g4 B

lim = lim =—I(c).
n— 00 n n—00 n
Hence, by squeeze theorem from calculus,
log [2° e~ +or(n) gy log Pr(Y,
lim 0g Je = lim w =—1I(c).
n—00 n n—00 n
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Corollary 3.5. Let fn(y) be the pdf of a random variable Y, and let I(y) be defined as
in Theorem 3.2. If f,(y) = e MW+ where the o(n) term does not depend on y or
is bounded in y, then Y, satisfies the LDP with rate function I(y).

Proof. Observe that all the results of this section also hold for a lower tail, since I(y)
behaves in exactly the same way as y moves away from I~1(0) to the left. Thus, we

have that for any y; <y and any y2 > o

logPr(Y, < 1)

A, W)
. log Pr(Yn > y?)
R
By Theorem 2.1, Y,, satisfies the LDP with rate function I(y). ]

Example 3.1. It is well-known that the pdf of an iid sample mean M,, with underlying
normally distributed random variable X with E(X) = u can be obtained in the form

)2

(z—p
—n (gl L
fala) = 27:,3(6 X, where log\/ﬁz o(n) does not depend on z and (5207’5‘) is
non-negative, twice differentiable strictly convex function. Hence, M, satisfies the LDP
2
with rate function (3327’2‘)
7x

4 Weak Law of Large Numbers and the Large De-

viation Principle

In this section we expand on and formalize the discussion of [3] about the relationship
between the LDP and the Weak LLN. We first give a precise statement of the Weak
LLN for an iid sample mean and then formulate its generalization. Afterwards, we

give an original proof that in many cases the LDP implies a generalized Weak LLN

and will use this result to obtain the proof of Weak LLN for an iid sample mean.

The statement that follows is taken from [1].

Fact 4.1. (Weak LLN) Let (X,,) be a sequence of iid random variables. Let M,=21(X;+
..+ Xp) and let p = FE(X) = E(M,). Then, Ve >0

Jim Pr(|M, —p| <e) =1,

or equivalently,

Jim Pr(|M, —p| >¢€) =0.
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Weak LLN formulated above can be generalized in the following way:

Definition 4.1. (Generalized Weak LLN) Let Y, = F(Xy,...,X,) denote some
statistic of n-sized sample. Then, Y, satisfies the LLN if the support of Y, contains a
point y* such that Ve >0

Jim Pr(|Y, -y <e) =1,

or equivalently,

. * o
Jim Pr(]Y, —y*| >¢) =0.
We prove the following proposition next.

Proposition 4.1. The generalized Weak LLN holds for any random variable Y, that
satisfies the LDP with a twice differentiable strictly convex rate function I(y), with y*
given by I71(0).

Proof. Take any € > 0. Recall from Section 2.4 that if Y, satisfies the LDP with rate
function I(y) and speed s, then for any set A in the support of Y,

emsnla—tolsn) < Pr(y, € A) < emsnlastolon), (4.1)
where limy,, o0 85, = 00, I44 = infyeA I(y) and I4_ = infyemt(A) I(y). Let A= (—o0,y0—
£)U (yo+¢,00), where I(yg) =0 (recall from Section 2.2 that by definition /(y) has at
least one zero). We then have by Lemma 2.1 that yg is a unique zero and 0 < I44 <4
(the latter relies on the observation that o ¢ A). This implies that —s,I4_ +o(s,) —
—o0 and —splas +o0(s,) = —o0, since s, — 0o (see the proof of Proposition 2.2 for
details, whose argument can readily applied to this case by considering s,, in place of n).
It then follows that both bounds in (4.1) shrink to 0 as n — oo and thus Pr(Y;,, € A) — 0
by squeeze theorem from calculus. Observing that A = {y||y —yo| > €} and yp plays
the role of y* in Definition 4.1, the proof is complete. O

Corollary 4.1. (Weak LLN for an iid Sample Mean) Recall from Section 2.5 that an
iid sample mean M, with underlying random variable X satisfies the LDP with speed
n and twice differentiable strictly convex rate function I(z), where I-1(0) = E(X) = p.
By Proposition 4.1, Weak LLN for an iid sample mean follows immediately.
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