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1 Introduction

The paper proposes an asset pricing model with a slowly unfolding disaster risk during
which disaster-specific news constitute a major source of variation in asset prices often
independently from contemporaneous realizations of fundamental variables. Existing
models of disaster risk were designed with the purpose of explaining asset pricing mo-
ments using the notion of an economic disaster, or a sudden and unexpected jump in
aggregate consumption (see e.g. Rietz (1988), Barro (2006), Gabaix (2012) and Naka-
mura et al. (2013)). These papers argue that standard models in which consumption
jumps are not explicitly accounted for understate the importance of tail risk and for
this reason fail to explain crucial features of asset pricing dynamics. They focus on how
the general possibility of disasters can explain asset pricing phenomena and/or how
price behavior differs on average across normal and disaster periods. These models,
however, do not explicitly address how asset prices evolve during a specific unfolding
potential disaster and might thus not serve best as a systematic framework in which
specific disaster episodes can be analyzed. There are three main reasons behind this.
Firstly, in existing models, stock market disaster is like a nuclear strike (or a series
of low-yield nuclear strikes) - countries can recover from it over time, but there is no
mechanism in the models via which sudden "un-nuking" can take place. This is because
in models without learning, price recovery is closely linked to consumption recovery,
which is only gradual even in models with sharp but partial post-disaster recoveries
(see e.g. Nakamura et al. (2013)). Stock markets recover only gradually in models

with learning as well, because good news in such models is a persistent absence of



signals about disasters, which needs several periods of "tranquility" to induce substantial
downward shifts in the perceived likelihood of disasters.!

Yet, stock market recovery during covid substantially preceded economic recovery
and it did so largely as a result of the arrival of good news (Fed intervention, govern-
ment relief packages, vaccine inventions) that caused sharp upwards jumps in growth
expectations, synonymous with "un-nuking" in the financial markets. As November
2020 article in WSJ cites Seema Shah saying, “2020 is a year we won’t ever forget and

" In fact,

yet somehow equity markets have completely erased it from their memory’
when the financial markets recovered, the global economy was still in disaster regime.

Secondly, in existing models, stock market disasters can occur only in response
to macroeconomic disasters, yet this need not always be the case. Barro and Ursua
(2017) analyze long-term data for 30 countries to find that conditional on a market
crash, the probability of a minor depression is 31% and of an economic disaster - only
10%. During the Black Monday of October 1987, the stock market experienced a 26%
crash, the largest single-day fall in the stock market history, yet it did not take place
as a result of a macroeconomic disaster, nor did it cause one. In fact, the market
recovered 57% of its losses in just two trading days largely as a result of the Fed’s
intervention. Similar stock market swings could also take place in response to evolving
climate change threats and independently from macroeconomic disasters, as a result
of market responding to potential global supply chain disruptions from climate change
threats that do not materialize or are at least partially resolved unexpectedly or as a
result of interventions.

Thirdly, existing models assume that investors either know disaster probabilities
each period or observe other parameters of the fundamental process governing disasters,
such as disaster probabilities in low and high risk states or regime Markov-switching
probabilities. These parameters are extremely hard to calibrate in general due to the
rarity of disasters, and more so in the context of a specific unfolding disaster, for which
historical data could be even less relevant, especially if the source of the disaster is an
unprecedented event like covid.

All three issues are addressed by the model set forth in this paper. In the model,

1Tt is natural that general models of disaster risk do not feature good news that might induce
downward jumps in disaster probabilities. After all, this would amount to the assumption that during
normal times investors can observe signals that suggest that already very unlikely event of a general
economic disaster has suddenly become even much less likely. During an unfolding potential disaster,
however, good news is a sensible (and crucial) concept, since it facilitates sudden arrival of positive
information about the future evolution of a specific unfolding disaster.



investors can observe both good and bad news of varying intensity, which can cause
jumps in prices in either direction and independently from consumption realizations.
Hence, stock prices can recover faster than consumption and can experience brief dis-
asters without macroeconomic disasters. The problem of calibration is also simplified
since disaster probabilities are pinned down endogenously using the rational inattention
theory, which is a key facilitator of all three features.

To illustrate these aspects more clearly, let R and s denote, respectively, a binary
regime indicator and a binary noisy signal about it. Let R; denote a good regime (in
which consumption growth probability is high) and Rs - a disaster regime (in which
consumption growth probability is low). Let s; denote a signal realization that sug-
gests that true regime is R;, i = 1,2. Hence, s; corresponds to good news, while sg -
to bad news. How informative each realization is depends on the unit cost of informa-
tion A, which proxies fundamental disaster-induced uncertainty: when s; is observed
along with A remaining high, good news arrives but it does not affect disaster-induced
uncertainty much and is only modestly informative about the future path of disaster
evolution (e.g. Moderna and Pfizer vaccines have passed Phase II trials, but since
Phase III is still awaiting, the good news does not reduce covid-induced uncertainty
very much). When s; is observed along with a downward jump in A, good news arrives
that also substantially reduces disaster-induced uncertainty (e.g. the Fed announces
covid intervention programs that reduce uncertainty about the economic impact of the
covid pandemic). Likewise, a pair of s and high A could correspond to early days of
covid during which the properties of the virus were not well-understood, while a pair
of s9 and low A could correspond to the times when the WHO announced the covid as
a global pandemic. Hence, A\ can also be viewed as a proxy of news intensity (or how
high a signal realization is on good or bad news spectrum). As will be shown shortly,
the effects of the realizations of s and A are parsimoniously passed down to prices, with
the directions of shifts depending on whether news is good or bad, and the magnitude
- on how small realized A is.

Mathematically, signal informativeness is described by F'(s;|R;), ¢ = 1,2, where
F(.) is a joint distribution of s and R, and a function of A. F'(.) is not exogenously
specified, but induced by the information choice problem of the representative agent,
in which he tries to select F'(.) in a way that maximizes its ex-ante usefulness net
costs of learning, which is a linear function of A. The information choice problem is a
rule-of-thumb description of the information acquisition process of investors and is to

be understood as a consequence of sophisticated trial and error by financial institutions



with substantial data-processing capacity and experienced management. A thus is not
a quantity that is assumed to be explicitly observed and taken into account, but it
reflects the effort financial institutions implicitly face during information acquisition
and processing, and can potentially be estimated using textual analysis of newspaper
articles.?

Unlike other disaster models that rely on the specification of true arrival rate of
disaster jumps and/or regime-switching probabilities, the RI framework of this paper
provides an intuitive theory of how market beliefs are determined without relying on
true probabilities, and in doing so greatly simplifies the problem of calibration. The
theory states that market beliefs about the possibility of a disaster are pinned down
by three interacting forces - the representative investor trying to gather information
from most informative sources (or trying to select s with as high F'(s;|R;) for both i
as possible), how high the unit cost of information A is (or how high the fundamental
uncertainty is) and what kind of news arrives (whether s; or sy is observed). The true
stochastic process governing disasters then enters the model implicitly through A and
signal realizations, and is not explicitly modeled, since investors are not assumed to
know it anyway.

One of the main implications of the model is that time—¢ equilibrium price Pyz; of

an asset with pay-off function Z following a signal realization sj is given by
Pz =F), (Ri|3k)P%,t+F>\t (R—ilsk) Z_fw

where P%’t is the time—t price of the asset in regime R; if it were fully observable (i.e.

%)t is a price on a time—t node of a binomial tree with the growth probability cor-
responding to R;) and F), (R;|sk) is the posterior belief of the representative investor
about R; after observing s in period ¢ under optimal information strategy and cost

of information ;. Except a few special cases (see discussion under Theorem 4.1),

2Contrary to other models of Rational Inattention in which agents learn about several variables
and try to optimally allocate attention across them, there is a single subject of learning in this model
- an unfolding potential disaster and its effects. Attention allocation across different variables is not
explicitly modeled but is ingrained in the information choice problem of the representative investor:
the agent wants to select the most useful information-gathering strategy possible, yet informational
sources are plenty, while attention is scarce and learning - effortful. The agent then tries to gather
information from sources that he deems most useful and by doing so implicitly maximizes F (s;|R;)
within his capacity for learning.

351, does not have a time subscript, because the market can observe s; or so in each period. The
posterior regime probabilities for a given signal realization do not depend on the history of signals,
but the latter affects the probability of good news arrival in each period. Along with changes in the



F), (Rilsi) > F), (R_i|s;) and the difference is larger the smaller \; is, with F), (R;|s;)
always converging to 1 as A\; shrinks to zero. Hence, changes in s and A can cause sharp
shifts in the weights the two regime prices receive and thus cause jumps in the observed
price itself. These jumps can happen independently from consumption realizations,
albeit the jumps would be largest when bad news arrives along with negative consump-
tion outcomes. These two effects are separate in the expression for Pz; : consumption
realizations are reflected in regime prices only, while news arrival in the weights they
receive. These two events, however, are not statistically independent: bad consump-
tion realizations at the end of a period increase the probability of bad news in the next
period and vice versa.

To illustrate how this happens, suppose ¢+ = 1 and the disaster episode corresponds
to the covid pandemic. Let t = —1 denote the period right before the covid outbreak
and note that Py _1 = Pi_l, i.e. the market was oblivious to the covid risks before it
emerged.? At time zero, the possibility of covid emerges (non-zero \g appears and sg

is observed) and the observed price jumps to
Pzo=F), (R1|s2) P%,O + Fy, (R2|s2) P%,O-

Since in its early days covid had a negligible economic impact, if any, PZO > Pé_l
for both i. However, since F), (Rz|s2) > F), (R1ls2), P%,o receives more than half of
the weight in determining Pz, and so the latter jumps down relative to Pz _1, yet
modestly because of \g being high, which reflects the lack of understanding of the true
nature of covid. In subsequent periods, bad news keeps arriving that also sheds light
on the nature of covid, which is reflected in gradual modest downward jumps in A;.
Jumps in A in turn cause jumps in F), (R2|s2) and hence in Pz;. Eventually, as the
WHO announces the covid as a global pandemic (i.e. A; jumps down sharply and s,
is observed) and governments impose lockdowns (P%,t goes down for both )°, Pz
crashes.

Other models of general disaster risk with learning could probably yield the same

insights as above when applied to the covid pandemic. However, most of the models

unit cost of information, this is what facilitates jumps in posterior regime beliefs mathematically, since
belief updating in response to news in typically incremental in settings in which beliefs are formed as
a result of Bayesian updating based on the whole history of signals.

4Note that this does not require that the market was oblivious to any disaster risk at time -1, since
the model can be extended so that regime prices incorporate general disaster risk.

5Since lockdowns have resulted in aggregate consumption declines, both regime prices have experi-
enced down-moves along their binomial trees.



with learning can be solved only in semi-analytic form and the full numerical solution
requires the calibration of parameters that would not be feasible in the context of
a specific disaster. At the same time, what general models of disaster risk would
have difficulty explaining is the sudden recovery from covid, which can be illustrated
intuitively in the framework of this paper as follows: after the stock market crash, the
US government and the Fed announce a series of relief packages and measures, and
vaccine news gradually arrive, which constitute further downwards jumps in \; and
the arrival of good signal realizations.® This results in a series of jumps in the weight
of P%,w initially because a good signal realization shifts most of the weight in the
convex combination towards P%)t and then as a result of gradual yet sharp increases
in F), (R1|s1) due to corresponding declines in A; over a few periods. At the same
time, the projections of sharp U-turn economic recovery become prevalent, which boost
growth expectations in regime R; and further increase Pz; through Pit‘ Occasional
modest and temporary negative swings in the recovery process can be understood in a
similar spirit based on disaster-specific news arrival or changes in regime prices.

The separation of news effects and consumption growth effects on asset prices is
also the main mechanism that facilitates stock market disasters without macroeconomic
disasters: the prices can crash in the absence of persistent declines in consumption, or
in extreme cases - in the absence of any consumption declines at all. These features are
much harder to generate in models of general disaster risk.

Lastly, although the framework in this paper is posed in the language of disasters, it
could be used to model any major source of uncertainty that affects asset prices. At the
same time, it sets forth a novel application of rational inattention theory in asset pricing,
which has so far been constrained to two-period models with Normally distributed
signals. The framework of this paper builds novel theoretical tools for modeling learning
based on the discrete choice framework of Matejka and McKay (2015), which could
potentially be applied to a large class of models. Hence, the contribution of this paper

is also theoretical.

6The downward jumps in A¢ so far have been reflecting the arrival of news illuminating the nature
of covid. Once covid was adequately understood and the outbreak was declared as a global pandemic,
substantial uncertainty still remained regarding the severity of the economic impact. The Fed and
government interventions substantially decreased that uncertainty, which reflects further downward
jumps in A;. The same points apply to vaccines arrival.



2 Model Description

The economy is inhabited by a continuum of identical agents with time-separable log-
preferences who live for 1" periods. In each period, the economy is in two possible
regimes - a Good regime and a Disaster regime. R denotes a binary regime indicator
with R = G indicating that the current regime is Good and R = D indicating that the

current regime is Disaster. In each regime, the uncertainty evolves along a binomial

tree and x{ - j—th node in period ¢ - is associated with aggregate consumption w(z7).

In the Good regime, the probability of an up-move (aggregate consumption growth) is
pg > 1/2, while in the Disaster regime - pp < 1/2. Hence, the two regimes yield the
same outcome sets in each period but induce different probability distributions over
them. Lower the pp, the more the probability is concentrated around bad outcomes in
each period in the Disaster regime. Hence, pp can be thought of as a parameter that
controls disaster intensity. The markets are complete in the sense that there exists an
Arrow-Debreu security for each node xi The current regime is unobservable and the
representative investor wants to i) select an optimal information-gathering strategy to
learn about the current regime and ii) choose a portfolio of Arrow-Debreu securities
that maximizes his T'—horizon expected utility w.r.t beliefs induced by his information.

Any information strategy is defined by the joint distribution of R and signal function
S). Sy is a noisy binary function that indicates the regime the economy is - a realization
sq of s) suggests the economy is in the Good regime and a realization sp of s) suggests
the economy is in the Disaster regime. pg is the prior belief of the representative
agent about the likelihood of being in the Good regime at time 0. The unit cost of
information parameter A controls the effort (or induced disutility) that is required to
reduce regime uncertainty by one unit. Intuitively, the optimal information strategy
selection is described as follows: the representative investor wants to select a signal
function s) such that if he were to optimize his portfolio as if the signal realizations
were error-free’, no other signal function would yield higher ex-ante expected utility.
The choice variable in the information selection problem is the joint distribution of s
and R. Hence, the set of signals to choose from is not exogenously restricted and the

representative investor has access to any information strategy he deems feasible given

"Let Good portfolio denote the portfolio of Arrow-Debreu securities the investor would select in
the Good regime and define Disaster portfolio analogously. Optimizing as if signal realizations were
error-free corresponds to choosing Good portfolio after observing s and choosing Disaster portfolio
after observing sp. As will be shown later, the optimal portfolio induced by the posterior beliefs is a
convex combination of the Good portfolio and a Disaster portfolio.



the unit cost of information A (see Section 3 for mathematical details). Denote the
optimal signal function by sy henceforth.

Given the optimal information strategy, the representative investor optimizes his
portfolio using the posterior beliefs P (xi lsy = s) induced by Bayesian updating and a

realization s of the optimal signal function sy, i.e. the investor solves

T t+1

rcr(lg))cé)ﬂt ;log (c (:L"Z)) P(xg\s,\ = 5)

subject to
T t+1 ) ) T t+1 . .
> > a(at)e(at) <X Xa(at)w(s),
t=0j=1 t=0j=1

J:
price and Arrow-Debreu security corresponding to 7.

where c¢(z;) = ((c (x{))tHl)T . and ¢ (:E‘Z) and c(xj ) denote, respectively, the state-
t=

The sequence of events is as follows: the representative agent starts with the prior
belief pg about being in the Good regime, selects optimal signal sy, observes its realiza-
tion s, does Bayesian updating of his beliefs about the current regime and consequently,
of posteriors P (xi |sy = s) Va:{ . He then chooses the optimal portfolio induced by the
posterior beliefs and prices all Arrow-Debreu securities. At time 1, w(z) is realized,
and based on the realization, the agent does Bayesian updating of his time-zero poste-
rior belief about being in a Good regime. Call the resulting belief p; and note that it
is time-1 analogue of py. From this point, the time-1 sequence of events is analogous to
the time-0 sequence and the process repeats until time 7.

The model is formulated in terms of Arrow-Debreu securities for convenience. The
price of any asset with a known pay-off function can be readily recovered from state
prices using the no-arbitrage argument. Although A has been introduced as a constant
parameter, it can be time-dependent and evolve deterministically or stochastically with-
out affecting model tractability. This is because the cost of information is an exogenous

object to the investor who optimizes information strategy every period.



3 Precise Formulation of the Signal Selection Prob-

lem

The formulation of the signal selection problem is inspired by the Rational Inattention
(RI) discrete choice framework of Matejka and McKay (2015). See the Appendix for a
brief summary of the RI framework of Matejka and McKay (2015) and for the mapping
between their framework and the signal selection problem that follows.

Let P (Pp) denote the portfolio of Arrow-Debreu securities that solves the portfolio
selection problem of the representative investor in the Good (Disaster) Regime if it were
fully observable, and let Py denote a random variable that would equal Pq if the good
signal were observed and would equal Pp otherwise. V (P, R) denotes the expected
utility of Ps in Regime R, and G (R) - the prior beliefs of the representative investor
about being in either regime, i.e. G(G)=pp and G(D) =1—py. F (s, R) is the joint
distribution function of signal function sy and regime indicator R, while F'(s|R) is the
distribution function of s) conditional on R. The information choice problem is defined

as follows: the representative investor wants to

max { >y V(P57R>F<S|R)G(R)—C(F)} (3.1)

((F(S|R))S)R R=G,D $=5G>5D

subject to
Vs: F(s|R)>0 R=G,D

S F(siR)=1, R=G.,D.

Yr> sV (Ps,R)F(s|R)G(R)=U (F) is a utility-based measure of signal usefulness. To
see this, note that with R =G, V (Pqg,G) >V (Pp,G) and with R= D, V (Pp,D) >
V (Pg, D). Hence, U (F') is maximized when F (sg|G) = F (sp|D) =1 and strictly de-
creases monotonically as the two quantities move away from 1 towards zero.

Since F'(s|R)G(R) = F' (s,R) by Bayes Law, any selection of ((F(s|R)),)p pins
down a joint distribution of s and R. Conversely, since any joint distribution pins down
conditional distributions, it follows that the optimal choice of ((F'(s|R)),) leads to the
optimal choice of F' (s, R). Hence, the signal selection problem can be interpreted either
in terms of choosing the joint distribution F'(s,R) or in terms of selecting conditional

probabilities ((F'(s|R)),)p-



¢(F) is the cost of information strategy and is modeled as
¢(F) = A(H(G) - Es [H (F(|s))]). (3:2)

H (G), the entropy of G (R), measures the uncertainty inherent in prior beliefs, while
H(F(.|s)), the entropy of F'(R|s) - the uncertainty inherent in the posterior beliefs
after observing a signal realization s. FEg[H (F'(.|s))] measures the average entropy
of posterior beliefs across signal realizations and hence H (G) — Eg[H (F'(.|s))] is the
average reduction in the uncertainty about R as a result of knowing s. Non-negative
constant A is the cost of uncertainty reduction by one unit.

The signal selection problem has been formulated in a static setting for tractabil-
ity. To generalize it to an arbitrary period ¢, one only needs to replace R, Pqg, Pp, Ps,
V(Ps,R), G(R) and A with Ry, Pat, Ppt, Ps,,Vi (Ps,, Rt), Gt (Ry) and A, respectively.
Ry denotes time-t regime indicator, while Pg; (Pp¢) is the portfolio of Arrow-Debreu
securities that solves the time—t portfolio selection problem® of the representative in-
vestor in the Good (Disaster) Regime if it were fully observable. Pg, is a random
variable that would equal Pg; if the good signal were observed at time ¢ and would
equal Pp; otherwise. Vi (Ps,, Rt) is the expected utility of portfolio Pg, in regime Ry
at time-t-observable node ;. Gy (R;) denotes the time—t prior beliefs about R; and A\

is exogenously determined time—t unit cost of information.

4 Optimal Information Strategy

Relative entropy, or Kullback-Leibler (KL) divergence, is a central concept within the
context of optimal information strategy. KL divergence of distribution P from dis-
tribution @, denoted by KL (P||Q), is a well-known information-theoretic object that
measures how much one distribution differs from another, assuming the two have the

same support. Mathematically, letting  be an arbitrary element in the common sup-

port of P and @, KL (P||Q) is defined as

KLPIQ) = Br [l ).

8Time-t regime-specific portfolio selection problem is merely the problem the representative investor
would solve at time-t-observable node x; in each regime.

10



ie. it is a P-expected log-difference between the probabilities induced by the two
distributions. KL (P||Q) is always non-negative and equals zero iff P = Q. Intuitively,
KL (P||Q) measures the expected excess surprise induced by the usage of () instead
of P when the true distribution is P. For this reason, KL divergence is not necessarily
symmetric, i.e. in general K L(P||Q) # KL(Q||P).

Let Ry denote the Good regime and note that in the context of this paper, K'L (P (z¢|R;) || P (x¢|R—;))
denotes the KL divergence of the probability distribution over x; induced by regime
R; from the distribution induced by regime R_;. Hence, KL (P (x¢|R;)||P (z¢|R-;))
provides a measure of how much regime uncertainty today affects the likelihood of ¢-
period outcomes: when the KL divergence is close to zero, the two regimes provide
similar outlooks about z; and not knowing which regime is underway does not create
a possibility of major mistakes. When KL (P (z¢|R;) || P (z¢|R—;)) is high, however, the
outlooks provided by the two regimes differ substantially and choice behavior that is
optimal for one regime might carry significant opportunity costs in another.

If we scale KL (P (x¢|R;)||P (x¢|R—;)) by 8! and sum up all scaled t—period relative
entropies, we get a time-adjusted object that measures regime-induced divergence in
beliefs not only across time-t outcomes, but over the entire T'—period tree. Let such
object be denoted by KL (R;||R_;), i.e. set

T
KL(Ri||R-;) = ZlﬁtKL (P (we| Ri) [| P (we| R—3)) -
t=

In the context of our model, KL(R;||R_;) has a sharper interpretation. Tt is the
expected utility cost of optimizing the portfolio for regime R_; when the true regime
is R;. Mathematically, letting P; denote the optimal portfolio corresponding to R;, we

have
KL(Rj||R_)) =V (Pi,R;) —V (P_i,R)),

i.e. KL(R;||R_;) is the foregone amount of expected utility as a result of mistaking
R; for R_; (see (6.9) in the proof of Lemma 6.1 in the Appendix). Thus, KL (R;||R_;)
can be interpreted as the cost of false positive about R_;, or the cost of false negative
about R;. For i =2, for instance, KL (R;||R_;) measures the cost of missing a disaster
regime.

Henceforth, let F' denote the joint distribution of R and sy induced by the optimal
information strategy. The optimal information strategy is described in the Theorem
that follows:

11



Theorem 4.1. The following are true under the optimal information strategy,”

i) The unconditional probability of observing si is given by

1 1
_ 1— 1— _
o IRy T P0) ( 1 —e—iKL<R1||Rz>> ’

Psy, = Po

it) The posterior probability of R; given sy = s; is given by
1— e~ xKL(R_il|Ri)

F(Rils) — : _ =1,2
(Rils;) 1_6—%(KL(R2|‘R1)+KL(R1HR2)) ! ’

iii) For each i, the responses of F'(R;|s;) to local changes in X is described as follows:

0
5 (F (RZ|SZ)) >0

iff
KL (RZ’HR,Z')F(RZ',S,Z‘) > KL (R,Z‘HRZ‘)F(R,Z',S,i)7

iv) The optimal information strateqy is perfectly informative in the limit,' i.e. as
A—0,
Dsy — Do,

F(RZ-]SZ-) ,F(Si‘RZ‘) — 1,
P (xﬂsZ) — P (xﬂRl) ,
v) The posterior probability of xi given sy = s; is given by
P (2f|s:) = P(«|R;) F(Rilsi)+ P (] |Rs) F (Roilsi), i=1,2

Proof. See the Appendix. n

Remark 4.1. As will be shown below, the information strategy has several intuitive
yet sophisticated features, which, taken together, could seem to imply unrealistically
high level of rationality on the part of representative investor. Such interpretation,

however, would not be valid, since these features are not assumptions about the choice

9For high values of A, the agent might find it optimal not to gather any information, i.e. he might
select completely uninformative signal function that always returns one value. To keep fidelity with
reality, I assume throughout the paper that the prior beliefs, the costs of mistakes and the value of A
are such that the unconditional distribution of sy is non-degenerate.

10The claim rests on the assumption that the prior beliefs about R are unbiased.

12



of information strategy, but rather implications that follow from plausible axioms (see
Section 3 for the description of the signal selection problem). These axioms are not very
demanding. They only require that the representative investor have reasonable prior
beliefs and actively try to select the most informative strategy he can in the sense of
Section 3. He is not required to explicitly know A and the cost function or be consciously
selecting the conditional probabilities, since any chosen information acquisition and
processing strategy implicitly induces a joint distribution between signals and regimes
and the optimal joint distribution can be interpreted as the beliefs that result from
consistent and sophisticated pursuit of information edge.

Such interpretation can be justified using three quick arguments. First, the rep-
resentative investor is not a single individual but a marginal trader - an amalgam of
different institutions that have substantial information processing capacity and are run
by managers with years of experience. Second, there are in general very strong incen-
tives to seek information edge in the finance sector and third, the subject of learning -
the source of potential disasters - naturally attracts a lot of attention and interest by
financial institutions, since it constitutes a major threat to business operations.

Another justification can be found in the analogy with the butterfly effect. When
a butterfly swings its wings, the chain of reaction that it induces in the surroundings
(including the interactions between the wings and air particles and the chain reactions
that they cause) could potentially be described by complex and insightful mathematical
expressions. Yet, the butterfly is, of course, completely oblivious to the by-product of
its movement and its only motive is to get from Point A to Point B. Similar reasoning
applies to the information strategy of the representative investor, albeit with a slight
modification: although the information strategy has a rich set of features, they are not
necessarily consciously selected and are a by-product of continuous and advanced trial
and error by sophisticated investors. Moreover, the information choice problem is in
general amenable to behavioral modifications, such as the introduction of prior biases

or the distortions of Bayesian updating.

Optimal information strategy has a number of intuitive properties that are passed
down to equilibrium prices through the posterior beliefs of the representative investor.
Posterior regime probabilities induced by the optimal signal function are thus crucial
objects in our model. Their nature depends on how much the agent can learn and what
kinds of mistakes he wants to minimize. The learning capacity is determined by the

unit cost of information A, while the relative importance of mistakes is governed by

13



their relative costs. More specifically, the agent can make two kind of mistakes: he
might make a false negative judgement about R; (i.e. observe s_; in regime R;), or
make a false positive judgement about R; (i.e. observe s; in regime R_;). The cost
of the first kind of mistake is KL (R;||R_;), while of the second kind - KL (R_;||R;).
Parts i)-iv) in the Theorem above describe the roles of the unit cost of information and
relative costs of mistakes in the determination of beliefs and signal probabilities, while
Part v) indicates how the features of the information strategy are passed down to the
beliefs about consumption growth outcomes.

To see how A and the costs of mistakes interact in the determination of the regime be-
liefs, it would be useful to compare F'(R;|s;) against both F'(R_;|s_;) and F (R_;|s;).
Note first that since KL (Rs||R1),KL(Ry||R2) > 0, F(R;|s;) is always less than 1
for non-zero A. Whether F(R;|s;) > F(R_;|si), however, depends both on A\ and
KL(R_||R;), i =1,2. The condition that F (R;|s;) > F(R_;|s;) can equivalently be

expressed as

1 — e~ 3KL(R|IR) < .~ AKL(R_||R)) (1 _ e—iffL(RinR_i)) , (4.1)

which indicates that whenever \ is small enough, F'(R;|s;) > F'(R_;|s;) for all values of
KL (Rs||R1) and KL (R1||Rs) (see Part iv) in the Theorem above). Intuitively, when
the cost of information is small, the optimal information strategy is very informative
and F'(R;|s;) is much higher than F(R_;|s;) irrespective of the relative costs of the
two kinds of mistakes. Whenever A is not small, this need not be the case, however,
and whether F'(R;|s;) > F'(R—;|s;) depends on the relative cost RL(RIIR-i) yWhenever

KL(R-;||R;)
KL(Ri||R_;)
KL(R_i||R;)
than the cost of mistaking R_; for R;), the posterior probability of R; still receives higher

<1 (equivalently, when the cost of mistaking R; for R_; is weakly smaller

weight following s; and for all values of A than does the posterior probability of R_;.!1
This is because F'(R—;|s;) is directly proportional to F'(R—;,s;) - the probability of a
RL(RillR-i) <1 Hence
KL(R_iHRi) - !
F (R;|si) being higher than F'(R_;|s;) for all values of A reflects the preferences of the

optimizing agent to minimize costlier mistakes.
KL(Ri||R_)

Whenever ———t1==t/
KL(R-[|R;)

tion (4.1) might not hold any more and the posterior probability of R; might be smaller

false positive about R; - which is a weakly costlier mistake by

> 1, however, and the unit costs of learning are sizable, condi-

UNote that e~ xKL(R-illR) < 1 always holds and whenever KL (R;||R_;) < KL(R_;||R;), 1—
e~ X KL(R_illRi) 5 | _ o= xKL(Ri||R-)
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than the posterior probability of R_; even after observing s;.'> When that is the case,
it is always true that F(R_;|s_;) > F (R;|s_;).'3 Intuitively, the optimizing agent faces
a trade-off between higher F'(R;|s;) and higher F'(R_;|s_;). Increasing F'(R;|s;) comes
at the cost of accepting relatively smaller F'(R_;|s_;), which is inversely related to the
probability of the costlier mistake. Hence, the optimizing agent prefers to err on the side
of safety, and when the stock of learning capacity is small enough (X is high enough),
adequate reduction of costlier mistakes requires (or makes it optimal) that F'(R;|s;) be
less than F'(R_;|s;). In the language of disasters, whenever understanding the driver of
the potential disaster is difficult and missing out a disaster is much costlier than falsely
suspecting it, the optimal information strategy dictates that that the most effort be
allocated towards ensuring that the probability of missing the signs of an impending
disaster is small.

The motive of minimizing the costlier mistake is also evident when comparing

F(R;|s;) against F'(R_;|s—;), and inspecting ps,. Whenever % =1, F(R;|s;) =

F(R_i|s—;) and F (R;|s;) > F (R_;|s—;) iff % < 1. Likewise, ps, is decreasing
in KL(Ry||R1) and increasing in KL (R;||Rz2). All these features are straightforward
to see by inspection.

The expected utility costs of mistakes also dictate how posterior regime probabilities
respond to local changes in A under the optimal information strategy. By Part iii) of

Theorem 4.1, % (F(Rji|si)) >0 iff
KL (RZ’HRfi)F(RZ‘,S,z‘) > K:L (R,z'HRz')F(R,Z‘,S,Z‘). (4.2)

Whenever the stakes of a mistake are equally high in the two regimes (KL (R;||R_;) =
KL(R_||R;)), the condition (4.2) reduces to F(Ry|s_;) > F(R_;|s_;), which never
holds for KL (R;||R_;) = KL(R_;||R;) by (4.1). Hence, whenever the costs of mistakes
do not differ across the two regimes, F'(R;|s;) decreases Vi as A rises, which simply
reflects decreased informativeness of signals due to increasing costs of learning.
Intuitively, consider the effects of the emergence of covid mutations (e.g. the omicron
variant) following vaccination breakthroughs on the covid-induced level of uncertainty.

Although the mutations raised new questions about the nature of covid and posed novel

2Whenever KL (R;||R_;) > KL(R_;||R;), (1—6—§K~L(RiHR7i)> >1 — e~ xKL(RlIR) by
e~ XKL(R—||R) - 1.

13Suppose not. Then, F (R;|s;) < F (R—_;|s;) Vi and so the agent can improve his information strategy
costlessly by reinterpreting s; as s_;.
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challenges in the fight against it, they did not increase the covid-induced uncertainty
very much, since the global community already had a solid understanding of the virus
and vaccination breakthroughs had already mitigated the potential perils of mutations.
Hence, the appearance of Omicron variant could be thought of as a local rise in A. At the
same time, one could think of the stakes of mistakes to have been roughly the same in the
two potential regimes - underestimating the Omicron variant in the event that it were
severe could have incurred heavy economic costs, but so could overestimating its severity
and imposing lockdowns on already stumbling economy. The responses of F'(R_;|s_;),
i = 1,2, to changes in A under the assumption of KL (R;||R_;) = KL(R_;||R;) could
thus be interpreted as the adjustments of the market reactions to good and bad news
relative to the pre-Omicron state.

Whenever K L (R;||R_;) # K L (R_;||R;), however, (4.2) might hold and 8% (F(Ri|si))
could be positive. To see the intuition behind this, note that KL (R;||R_;) is the cost
of false negative about R;, while F'(R;,s_;) is the ex-ante probability of making such
a mistake. KL (R;||R_;)F(R;,5_;) is thus the ex-ante expected cost of false nega-
tives about R;, while KL (R_;||R;) F (R_;,s_;) is the ex-ante expected amount of costs
avoided as a result of correctly identifying R_;. Condition (4.2) then states that when-
ever the expected costs of missing regime R; are higher then the expected benefits
of correctly identifying R_;, the optimal information strategy dictates that F(R;|s;)
increase. Whenever that is the case, %(F (R—;|s—;)) is always negative (otherwise
% (F (R;|si)) > 0 Vi, which cannot hold if information strategy is optimal). Hence,
an increase in F'(R;|s;) in response to a rise in A always happens at the cost of de-
creased F'(R_;j|s—;), which in turn jointly reflects the trade-off between F'(R;|s;) and
F(R_i|s—;) and the importance of avoiding mistakes in regime R;. In words, whenever
the probability-weighted cost of missing a disaster regime is higher than the probability-
weighted cost of the disaster false positive (corresponding to the case of i = 2), the
optimal information strategy dictates that the effort be shifted in response to a local
increase in A towards making information strategy more precise at identifying disaster
regimes whenever present.

Part v) of Theorem 4.1 describes how regime beliefs translate into the beliefs about
consumption growth outcomes. The result follows by Bayesian updating and the fact
that sy is a signal about R only and conditional on knowing R, it provides no infor-
mation about x. It states that the posterior probability of :ci after observing signal
realization s; is a convex combination of the probabilities of xg induced by the two

regimes, where the weights are given by the posterior regime probabilities corresponding
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to s;. Hence, all the insights about F (Ry|s;), i,k = 1,2, are automatically transferred
to P (w‘g |31) and through them, to equilibrium prices. This is illustrated in the section
that follows.

5 The Equilibrium

Theorem 5.1. Let Pz denote the time-zero observed price of an asset with pay-off
function Z (x;) following a signal realization s; and when the cost of information is
A Let Pgo denote the price of the asset in regime R; if it were fully observable,
and F (R;|s;) - subjective posterior probability of R; after observing s; under optimal

information strategy. Then,
Pz0=F (Ri|s;) P+ F (Rils;) P}

Proof. See the Appendix. n

17



6 References

Barro, Robert J. (2006). “Rare Disasters and Asset Markets in the Twentieth Century”.
In: The Quarterly Journal of Economics 121 (3), pp. 823-866.

Barro, Robert J. and Jose F. Ursua (2017). “Stock-market Crashes and Depressions”.
In: Research in Economics 71 (3), pp. 384-398.

Gabaix, Xavier (2012). “Variable Rare Disasters: An Exactly Solved Framework for
Ten Puzzles in Macro-Finance”. In: The Quarterly Journal of Economics 127 (2),
pp. 645-700.

Matejka, Filip and Alisdair McKay (2015). “Rational Inattention to Discrete Choices: A
New Foundation for the Multinomial Logit Model”. In: American Economic Review
105 (1), pp. 272-298.

Nakamura, Emi, Jon Steinsson, Robert Barro, and Jose Ursua (2013). “Crises and
Recoveries in an Empirical Model of Consumption Disasters”. In: Journal: Macroe-
conomics 5 (3), pp. 35-74.

Rietz, Thomas A. (1988). “The Equity Risk Premium: A Solution”. In: Journal of
Monetary Economics 22 (1), pp. 117-131.

18



Appendix

Portfolio Selection Problem With Arbitrary Beliefs

AT ; -
_ J J : : J -

c(zy) = ((c (xt»j_l)tzo and ¢ (%) also without jand ¢ (xt) denote, respectively, the

state-price and Arrow-Debreu security corresponding to z7.let q denote state prices and

c ad securities. Let P(x_t) be arbitrary beliefs. a rep investor want to for fixed state

prices
T R, ; )
mas3 5 3 tos (o («1)) P (+1)
subject to
T t+1 , ) T t+1 ‘ ‘
>3 a(al)e(ed) <3N afal)w(«]).
t=0j=1 t=0j=1

The Lagrangian of the optimization problem is given by

T 41 ‘ ‘
E(C<$t)7:u):;)ﬁt;log(c(xg))P(xg)+
T t+1 . ‘ T 41 ‘ |

(S &) ()- £ e)

and the First Order Condition w.r.t ¢ (x{ ) gives
= uq ()

o (ef) = 18P ()

H q(x{)
If we set ¢(zp) as numeraire, we get that
1
c(xg)=—
1
and so ,
ptp (xi)

(6.1)
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Finally, the cost of ¢(x¢) given q is given by

T t+1 ‘ ‘ T t+1 ‘ Btp 55%
> > a(a7)e(?) —ZZq(xg)c(xo)(j)_
t=0j=1 t=0;=1 q xt)

T
= C(iﬂo);)ﬁt

and by the budget constraint,

T t+1 , ‘ T

c(zg) = (qu(ggg)w(x;)) /36 (6.2)
t=0j=1 t=0

Since the objective function is concave in choice variables, while the constraint - linear,

¢(x¢) defined by (6.2) and (6.1) is utility-maximizing.

Solution to the Signal Selection Problem
Summary of the Solution

Henceforth, let Ry denote the Good regime, Ry - the Disaster Regime, s; - a signal
realization that suggests that the true regime is R;, and set Pg = P1, Pp = Ps. The
solution to the signal selection problem can be summarized as follows: I first describe
the RI framework of Matejka and McKay (2015) and establish its mapping with the
signal selection problem of the representative investor, which leads to the following
non-reduced-form expression describing the posterior beliefs about R after observing

S; .
oV (PiR) /A

F(R|s;) = G (R) Vi, R, (6.3)

2%21 Ds), eV(PknR)/)‘ ’

eV(Pi’R)/A
T2y O
is the posterior weight corresponding to regime R and signal realization i, i.e. w (7, R)

where p; is the unconditional probability of observing s;. - =w (i, R)
is the number by which one needs to multiply the prior probability of R after observ-
ing s; to get F'(R|s;) under optimal information strategy. In this form, however, the
posterior probabilities are not very useful, since V' (Py, R) depends on state prices (see
expression (6.7)) and py is not in reduced form (i.e. (6.3) establishes the relationship

between F'(R|s;) and py under optimal information strategy, but does not pin down an
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expression for pg). In the next step (Lemma 6.1), I show that

e~ xKL(R||R;)
w (i, R) =

2 —LKL(R||Ry)’
Zk:lpske by ( || k:)

i.e. the state prices in the numerator and the denominator of the RHS of (6.3) cancel
each other and V (Py, R) gets replaced by —K L (R||Ry,), which is a function of exoge-
nous parameters only. Lastly, I obtain py, in reduced form (Proposition 6.1) and show
that

Dsy :G(Rl) 5 _G(RQ)

and )
l1—e X
1— 6—§(KL(RQHRl)+K~L(Rl||RQ))

F(Rilsi) = Vi, R,

where pg, is ps, under optimal information strategy. The last result is proved under

Proposition 6.2.

Rational Inattention Discrete Choice Framework of Matejka and McKay
(2015)

In the discrete choice framework of Matejka and McKay (2015) (Section IA), the
Decision-Maker (DM) chooses among N alternative actions with pay-off vector v (also
called the state of nature), where v; - the i-th entry of v, is the pay-off of i-th action.
The DM does not observe v, but has prior beliefs G (v) about it and wants to selects
a costly signal S € RY proxying v and such that if he were to choose the action with
the highest posterior pay-off after observing a signal realization s of S, no other signal
function would generate higher ex-ante expected pay-off net of the cost of information.

Mathematically, given the information strategy F' (equivalently, the joint distribu-

tion of S and v) and a signal realization s, the DM chooses action ¢ such that
1= argmjax Ep(v)s)(v5)

and wants to select information strategy F' that solves

mgx{;zs:v(F(.]s))F(s|'v)G(v) —c(F)}
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subject to

> F(s,v)=G(v) Vo,

where V' (F'(.|s)) =max; Ep(y|s) (V) = Ep(y|s)(vi) and ¢ (F) is defined as in (3.2). Mate-
jka and McKay (2015) show that under optimal strategy there must be one-to-one
correspondence between actions and signals (LEMMA 1), since exerting effort to dif-
ferentiate among signals that lead to the same action incurs costs but does not affect
the pay-off. Using this result, letting s; denote a signal realization that leads to action
i and setting P; (v) = F'(s;|v), Matejka and McKay (2015) show in Corollary 1 of their

paper that the information choice problem can equivalently be formulated as

N
max {szﬂ’i (v)G(v) - c(G,P)} (6.4)
P=(Pi(v))iL, i=1 v
subject to
Vi: Pi(v)20 VveSg

ZPZ‘ (v)=1 YveSg,
i
where Sg is the support of the prior beliefs and ¢ (G, P) is ¢(F') reparametrized in terms
of P; (v). By Theorem 1 in Section ITA of Matejka and McKay (2015), the conditional

probabilities of the optimal information strategy satisfy

PIevi/A

Pi(v)zw

Vi, v, (6.5)
where P? = 3", P; (v) G (v) is the unconditional probability of observing s;. Note that
the expressions above do not completely describe the information strategy, since con-
ditional probabilities (P; (v)); depend on unconditional probabilities (PZQ)Z,, which in
turn depend on (P; (v)),

;- The full solution of the optimal probabilities requires ad-
ditional manipulations (see COROLLARY 2 and ensuing discussion in Matejka and
McKay (2015)) and cannot in general be obtained in closed-form. The solution to the
signal selection problem of the representative investor, however, is a special case of this

framework in which closed-form solutions can be obtained.
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Mapping Between Signal Selection Problem and RI Framework of Matejka
and McKay (2015)

Note that intuitively V' (Ps, R) is the pay-off of a particular action (choosing Ps) in a
particular state of nature (or regime R of the economy). This is the observation that
motivates the formal mapping between the RI framework of Matejka and McKay (2015)
and the signal selection problem of the representative investor.

Let N =2 in the RI framework of Matejka and McKay (2015) and let

V (Pa.G)
V1 =
V(Pp,G)
and
V (Pg,D)
V2 = .
V (Pp,D)

Since V' (Pg,G) and V (Pp,G) are Good-regime pay-offs of choosing P and Pp, re-
spectively, and V (Pg, D) and V (Pp, D) are the Disaster-regime pay-offs of choosing
Pa and Pp, respectively, action i can be interpreted as choosing portfolio i (with Pg
denoting portfolio 1 and Pp denoting portfolio 2), while the state of nature can be
interpreted as the regime R the economy is in. To see that such interpretation is
mathematically valid, note that the entries within each v vary only through the first
argument of V (Ps, R), and vy = va iff the two regimes are the same!*. Hence, there
is a one-to-one correspondence between v and R and so any signal about v can be
interpreted as a signal about R. Moreover, since s; is defined in Matejka and McKay
(2015) as a signal realization that leads to action 7, s; can be interpreted as s¢, a signal
realization that suggests R = (G, and so can be interpreted as sp, a signal realization
that suggests R = D. Such interpretation is further justified by the fact that Pg has
higher expected pay-off in the Good regime, while Pp has higher expected pay-off in
the Disaster regime.

Imposing this additional structure and letting Ps (R) = F' (s|R), (6.4) can immedi-

ately be rewritten as

max { > V(PS,R>PS<R)G<R)_C(G7P)}

P=(Ps(R))iL, | s=sG.sp R=G.,D

141f part is obvious. For the only if part, note that since the portfolio selection problem has a unique
solution, V (Pg,G) >V (Pp,G) and V (Pg,D) <V (Pp,D). Hence, v1 # va.
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subject to
Vs: Ps(R)>0 R=G,D
Y Ps(R)=1 R=G,D,
S
Let ps denote the prior probability of observing a signal realization s. Since the addi-
tional structure does not impose any restrictions on the RI framework of Matejka and
McKay (2015) and only adds interpretative insight, it is immediate by (6.5) that

i ps,e (PisR)/A .
(si|R) = SRAL Y Vi, R.
Finally, by Bayes Law,
oV(PiR)/X '
F(R|s;)) =G(R) S RALCNOTY Vi, R. (6.6)

Reduced-Form Expressions for Conditional Signal Probabilities

Lemma 6.1. Let V (P;, R) denote the expected utility of portfolio i in Regime R and
let KL(R||Ry) = XL, B KL(P(2¢|R)||P(x¢|Ri)). Let s;, denote a signal realization
that suggests that the true regime is Ry, and let ps, be the unconditional probability of
observing sy, k=1,2. Then,

eV (Pi,R)/A e~ X KL(R|R;)

2%21 pskev(P’“R)//\ = Z%leske_%KL(Rlle)

Vi, R.

Proof. The proof is structured as follows: First, I derive an exact expression for V' (P;, R)

and show that it can be expressed as a sum of the terms that depend on ¢ and the terms
oV(PiR)/A

2:1p5k6v(79k7R)/>\

by canceling terms in the numerator and the denominator and finally, I carry out ad-

that do not depend on 7. Next, I show that this allows us to simplify

ditional manipulations to express whatever remains in terms of relative entropies.
Take arbitrary ¢ and R and start by noting that ¢; (z¢) = P, i.e. ¢;(x¢) given by
(6.1) and (6.2) is the optimal portfolio under beliefs P ( t) (xi |RZ) . Thus,

t+1

V(Pi, R ZﬁtZIOg(Cl (:L‘t))P(xg]R) =

24



T t+1

=log (ci (z0)) +Y_ 8" Z log (Ci (ﬂ)) P (!E{IR) =

t=1 j=1

T t+1 tP xi Ri .
=log (ci (z0)) +>_ A" log (cl- (x0) ﬁ(]’)) P (:ci]R) =

t=1 j=1

=log (c(zg)) +log H H

t=1j=1

T t+1< ﬁtp(ngi)>BtP(wiR>

c(zg) ———— ; (6.7)
where the first equality follows by definition, the second - by trivial algebra, the third -
by (6.1), and the last - by the properties of the logarithmic function. ¢; (xg) gets replaced
by ¢(xg) on the last line, since by (6.2), ¢;(xg) does not depend on the underlying
probability distribution and hence does not vary across i (or signal realizations) for
fixed ¢ (z¢). Next, note that

t=1j=1
T ¢4l BtP@'R) t+1 , tp( g
= [T (8c(o) ( 2) H@@WMM@@E
= =i\a(at) i
T t+1 ) tp (g
AT (P (et 00 ©3)

collects terms that do not depend

t
where A =1L, (Btc(xo))ﬂ H;ill ((1
q
on i. Putting (6.7) and (6.8) together, we further get

T t+1 ' tp (4
V (Pi,R) Zlog(C(xo))+logAl_£ 1_[1 (p (x{|RZ))B P( th) _
t=1j=

= log (c(xg)) +log A +log ﬁ tﬁl (P ($§|Ri))/3tp(x{|3) _
t=1j=1

T t+1

= log (c(x0)) +log A+ 3" 8'Y" P («f|R) log (P («]|R;)) =
t=1 j=1
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T
=log(c(z0)) +log A+ ' Ep [log (P (| Ry))], (6.9)
t=1

where Ep[.] denotes an expectation object over time-t outcomes induced by beliefs

P (z¢|R). Inserting (6.11) back into —; eV(Pif();Z 77~ and noting that log (c(xo))+log A
k=1Psy€ ’

does not depend on a signal realization s, we get by straightforward algebra that

VPN  (108(e(z0) Hog A+ 57, 5" B llog(P(ael B2) ) /A )

Z%:1psk€V(Pk’R)/)\ B

Z% o e(log(C(Io))+1ogA+ZtT:1 ﬁtERt[log(P(xt\Rk))}) /A
= 5}{)

¢ 3 (log(c(w0))Hlog A)+% 3, B'Er t[log(P(we| Ri))]

52 _, g, eX108(c(z0)) +og A+ iy 8 B illog(P (| Fi))

o+ (log(c(z0))+Hog A) 1 o B Er 1[log(P (x| ;)]

exOog(c(@o)+ogA) 52 ) %32 6" Ellog(P(ail 7))

ex Si1 8" Epllog(P (x| Ry))]
B ST : (6.10)
Z%:l Dsy € > t=1 B ERr[log(P(xi|Ry))]

T
Further, dividing both the numerator and the denominator of (6.10) by ex L=t 5tER’tU°g(P($t‘R))],
we get

oV (Pi,R)/A ot i1 B R allog(P(wel Ri)))—% 32/, B Er t[log(P(wt|R))]

Sho1pse PPN g2 ) S50 B ER llos(Plat i) —§ Koy B Brdllog(P(w:|R))]

o S B (ERlloa(P(ai|R))|~ Ep i[log(P(x:|R))))

52 py €3 2im1 B (Brallog(P(ar| Ry)))— B illog(P(e:|R)))

o~ YL BUKL(P(x|R)|| P(xt|R:))

S22 py ek Simt SE LRl )| P (il By

where KL (P (2|R)||P (i Ri)) = By |22 is a Kullback-Leibler divergence

from P (z¢|R) to P (x¢|R;). Finally, setting
T

KL(R||Ry) =Y B'KL(P (x| R)||P (24| Ry)), k=12,
t=1
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it follows that .
oV (Pi,R)/A e~ 3 KL(RI|R;)

ZizlpskeV(kaR)/ Zk | Ps.€ —LKL(R||Ry)’

]

Proposition 6.1. Let ps, denote the probability of observing s under the optimal
information strategqy and let py denote the prior perceived probability of Ry. Then,

1 . o~ XK L(Ri1]|R2)
Pox = PO T TP T R )
Proof. By (6.6) and Lemma 6.1,
1 ( ) o~ 3 KL(Rz||R1)
Po T .5 + 1_p0 1 =1
psA_i_(l_ps)\)e*XKL(RlHRQ) p e )\KL(R2|‘R1)+(1_pS>\)
and
e~ 3 KL(R1||R2) a ) 1 |
Pbo 1 1~ + (1 —=po 1 = 1.
Psy + (1= pgy ) e AKEEI) psye XLl 4 (1—p, )

Multiplying both sides of both equations above, we get

_1g _1g
pSA—’_(l PDs A)e )\KL(RIHRQ) _psk_i_(l_ps)\)e )\KL(RIHRQ)_pO

1— = ~
( O)p e_XKL(RzHRl)_F(l_pﬂ) e~ 3 KL(Rz||R1)
and
Ds. +(1—ps e~ 3 KL(Ri1||R2) i |
<1 _PO) - (1KL(R)\|)R ) =Ps, T (1 _psx)e AEL(RLIR2) —poe AKL(RlHRQ)-
Psy€ A 2 1+(1_p5)\)
Since the LHS is the same in both equations, we have
—xKL(R1||Ro) -
Psy + (1 —ps ) —DPo _ —LKL(R1||R2) _ ., ,—+KL(R1||R2)
e )\ L(R2||Ry) _pSA_F(l ps)\)e ’ poe *
and so
Dsy, T (1 — Ds), )6_XK~L(R1||R2) —Po :psAe_% L(R2||R1)+
+(1=psy)e” KL(R1||R2) ,~ 3 KL(Rel|R1) — poe ~xKL(Ri1||Rg) ,~ x KL(Rz||R1)
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Moving ps, terms to the LHS, we further get

Ps, (1_6; L(R[|Re) _ =% KL(Re||R1) | =} KL(R1||R2) -~ <R2|R1>>:
— 3K (R1||R2)+po+6 SKL(R1||R2) ,~ (R2||R1)_p ¢~ X KL(R1||R2) ,~ s KL(Re||R1),

which implies by straightforward algebra that

Ds, <1 e 3K (R1||R2)> (1_6—;K”L(RQ||31)> _

~ 1o (1 _ o YKL(Bi1||Rs) ,— <R2||R1>) o~ S KL(R1||Ra) (1 _ e;mmznm)) . (6.11)

Further, note that

e—iKL(R1||R2)<1 3K (R2|IR1)> (po+1—po)e” 3K (R1|R2)(1_e—§K~L(R2|R1)):

:poe—%KL(R1||R2) (1 _ ek (R2||R1)> +(1—po)e” +KL(R1||R2) (1 _ 6—/1\K~L(R2|R1))

and so, inserting this back into (6.11), we get

Ds, (1 o AE <R1||R2>> (1_6—;@32”31)):

:p0<1_eiI€L<RlnR2>) (1—po)e 3K (Rl|R2)(1_e§KL<Rz||Rl>),

Finally, by basic algebra,

Do (1 — e—%KL(RlHRQ)) —(1—po)e — %K L(R1||Rz) (1 — e—%KL(RQHRﬂ)

Por = (1= e FFEEIR) (1 — o FREFIR) =
1 | o~ XK L(Ri]|Re) 6.12
_pol_efAKL(RzHRl) ( _po)l_efiKL(RMRQ). (6.12)
[

Corollary 6.1. Under optimal information strategy,

li = Pp.
)\gr%)pS)\ pO
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Proof. Since KL (Rs||Ry) >0,

lim e—%KL(RQHPQ) — e—f(NL(RZHRl)lim)\_m% _ e
A—0
and so
. 1
li 1 (1 ) limy_,pe s KL(R1||R2)
1Im pPsy, = Po 1.7 - —Po 1= = po-
A0 1—limy_g e~ XK E(R:R) 1—limy_ge 3 ELE|IR:)
O

With unconditional optimal signal probabilities obtained in closed-form, we are now
ready to derive reduced-form posterior probabilities of R given s. This is done in the

proposition that follows.

Proposition 6.2. Under optimal information strategy,

1 — e~ xKL(R_i||R;)

F(Bilsi) = 1 — o~ x (KL(R2||[R1)+KL(R1||R2))

i=1,2.

Proof. The proof is based on inserting the results of Proposition 6.1 into the result of

Lemma 6.1. Start by noting that by Proposition 6.1,

1 — e~ 3 KL(R1||R2)
1—p. — ] _
Pox = | ~IKL(R1IR2)
1 o~ KL(R1||R2)
— _ +(1— - =
p01_67§KL(R2||R1) (1=po) 1 — e~ xKL(Ri[|Ro)
11— ppe  xEL(RilIR2) 1
1 _ e~ 3KL(Ri||R2) p01_6—§K~L(R2|\R1)
and so
) _1KL(R IR . —LKL(Ry||R
(1_p )ef%KL(R]_HRQ) _ ]__poe A~ ( IH z)ef%KL(R]_HRQ) - e A E 1|| 2)
X 1 — e~ xKL(R1||Ro) 1 — e~ 3 KL(Ra[|R1)
and
1 o~ 3 KL(R1||R2)

o
Psy (1= ps, ) e XA =

o —(1- +
] — e XK L(Ra||R) ( p0)1—e—% L[ R2)
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—LKL(R||R 5 —LKL(Ry||R
+1—poe A~ (Rl 2)€—§KL(Rl\|RQ)_pO e E 1/|R2) _
1 — e~ xKL(Ri1]|R2) 1 — e— 3 KL(Ra[|R1)

—€

$KL(R1||R2) _

+poe

1— e xEL(R1llR2) 4 (1 _ eﬁffL(RzHRl)) e~ % KL(R1||R2)

1 — e~ 3 KL(R2[|R1) ,~ X KL(R1||R2)

= Do (6.13)

1 — e~ xKL(Re[|R1) ’

where the second equality follows by adding up terms with the common denominator
and the rest is trivial algebra. Note that (6.13) is the denominator of the posterior
weight w (i, R) corresponding to R = Ry and arbitrary i.!° Hence, by Lemma 6.1 and
(6.13),

| o~ LKL(R1|IR) e~ X KL(R1|IRy) 1 — e~ xKL(R2[|Ry)
w (i, Ry) = 2%21]08166_%[@(&”&) - 0 1 — e~ x KL(Rs||R1) o~ x KL(R1|| R2)
and since -
KL(Ri||Ry) = tzlﬁtKL(P(arthl) 1P (¢ R1)) =0,
_ e~ 3 KL(Re||R1)
w(l,Ry) = plol_e_;[{L(eR2|R1)e—§K~L(R1IRz)
and Lo
F(Rils1) = pow (1, R1) = 11~_6_XKL(R2|1‘R~1) -
— e~ 3 KL(Ry||R1) o~ 5 KL(R1|R2)
Likewise,

¢ _ —L1KL(R||Ry)
w (2, Ry) Ze_%KL(RlHRz)i 1~ e~x 2| ~1
| P01 — e~ xKL(Ral|B1) =X KL(Ry| o)

and we get finally that

F(Rg|s2) =1—F(Ry|s2) =1—pow (2,Ry) =

15Recall that the posterior weight w (i, R) is the number by which one needs to scale the prior about
R after observing s; to get the posterior probability of R under optimal information strategy.
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X e~ xEKL(Ri||R2) _ ,~xKL(Ra||R1) o~ 5 KL(R1||R2)
1K L(R1||R2) 1— e—%KL(RﬂRl)e—%KL(Rl||R2)

1 — e~ xKL(Ri1]|R2)

1— 6—%KL(R2‘|R1)6—%KL(R1HRQ) )

Corollary 6.2. Under optimal information strategy,
lim F'(R;|s;) = lim F(s;|R;) =1, i=1,2.
A—0 A—=0

Proof. Note first that since Va € RT,

_1 _
lim e 3% =7 4%® =,
A—0

we have

lim F(Ris:) 1—limy_,g e~ 3K L(R=illR:) 1
lm . S — _ _ —
=0 T iy g e R (KE(R IR HKL(Ra | R2))

Next, let p,, » denote the unconditional probability of observing a signal realization s;
and note by Corollary 6.1 that

limps »=G(R;), i=1,2.
A—0" 7
It then follows by Bayesian updating and limit laws that

)l\in%)F(Si’Ri) _ lim F(Rilsi)ps;n _ limyso F'(Rifsi) limyops, n
s

A—0 G (RZ) G (RZ)
_G(R) _
G(R;)
The claim of the Corollary is then immediate. O

Corollary 6.3. Under optimal information strategy,

0
B (F'(Rilsi)) >0

KL(Ri||R=) F (Ri;s—i) > KL(R—il| Ri) F (R, 5-3).
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Proof. Note first that by straightforward differentiation,

o 1 — e~ xEL(R-il|R)
ON\ 1 _ o~ S (KL(B2|| RO+ KL(Ra|[R2)) |
—KL(R_;||Ri) \"2e~ xKL(R-i[|R:) <1 _ e—i(KL(RZ-||RZ-)+KL<Ri||R»))

) ¢ > 2 +
(1 - e_/l\(KL(Ri||Ri)+KL(Ri|Ri)))

(1 _€—§KL(R_Z-HR¢)) (KL(R,Z'HP%) +K~L(R¢HR%)) A\—2¢~ % (KL(R—;||Ri)+KL(R;||R-))

4 - N 2
(1 B e/1\(KL(R_i||R¢)+KL(R¢||R—i))>

Since the denominator is a squared quantity, aF(é{;'Si) > 0 iff its numerator (Num

henceforth) is positive, i.e. iff

Num = \"2 (—KE (R_||R;) e~ xEL@E-lIR) KT (R_||R;) e~ * (KL(R-illR)+KL(Ril|R-0)) |

+KL(R;||R-;) (1 — e‘iKL(Ri|Ri)) e—,l\(KL(R—i||Rz‘)+K~L(Ri||R—i))> < 0.
Dividing both sides by A2~ XELRIIR) e get that Num > 0 iff

~KL(R_i||R;) (1_6—1(@(&”3»)) N

+KL(Ri|[R-;) (1 _ e—iKuRnRi)) o~ HELRIR-D) <

Further dividing both sides by 1 —e_%(I{L(R—i”Rz‘HKL(RH\R—z‘))’ we get that Num >0
iff
KL (RiHR,Z’) (1 — F(R,i‘sfi)) — KL (R,Z'HRZ') F(R,i‘sfi) >0,

which can be expressed using Bayes Law as

KL(Ri||R_i)F(Ri,s_;) > KL(R_||Ri) F(R_i,5_;).

Proposition 6.3. The following are true under optimal information strategy:
] j j |—e~ XEL(R_IIR;)
i) P(xt|si) :P<xt|Ri) =
1

o X (KL(Ral[R)+KL(R1[|Rp))
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. _1g RS
+P («]|R) <1 B P v e il

1—e~ % (KL(R2||[R)+KL(R1[|Ra)) |’

i) limy_,o P (xﬂsl) =P (xi|RZ) .

i=1,2

Proof. 1) follows by the chain of equalities below:

P (z]]si) = Z‘P(xﬂRk,sZ‘)F(Rusi): > P(f|Ri) F (Rilsi) =

k=1i,—1i k=i, —i
L
_ 1 — e~ xKL(R_i||Ri)
= P ‘7 y = =
(xt|RZ> 1 — o~ % (KL(R||[R1)+KL(R1||R2)) -
L.
‘ 1 — e~ xEKL(R_i||R;)
ploite (1 ¢ ; =1,2.
+P (ol R-) ( | — o FRLmIR)TRLRR)) ) "7

The first equality follows by the Law of Total Probability. The second is implied by
P (q:{\Rk, si) =P (a:i\Rk) , which in turn follows from the fact that s; is a signal about R
and conditional on knowing R, s; provides no information about x;. The third equality
follows by Proposition 6.2.

ii) follows jointly by i) and Corollary 6.2. O

Theorem 4.1. The following are true under the optimal information strategy,'®

i) The unconditional probability of observing s1 is given by

1 1
g 1— 1— .
_ e~ 3 KL(Re||R) =) ( 1 _eiKL<R1||R2>> ’

Psy = Po
Sx 1

it) The posterior probability of R; given s\ = s; is given by

1— e~ xKL(R_i||R;)

F(Rl|sl): ] i=1,2

_ o~ 3 (KL(Ro||R1)+KL(R1]|Rz))

iii) For each i, the responses of F'(R;|s;i) to local changes in X is described as follows:

0
B (F'(Rilsi)) >0

16 For high values of \, the agent might find it optimal not to gather any information, i.e. he might
select completely uninformative signal function that always returns one value. To keep fidelity with
reality, I assume throughout the paper that the prior beliefs, the costs of mistakes and the value of A
are such that the unconditional distribution of sy is non-degenerate.
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iff
KL(Ri||R_i)F(Ri,s_;) > KL(R_||R;) F(R_;,5_;),

iv) The optimal information strategy is perfectly informative in the limit,'" i.e. as
A—0,

p8>\ — pO

and

F(Rilsi), F(si|Ri) — 1,
v) The posterior probability of xi given sy = s; is given by
P (2s:) = P(«|R;) F(Rilsi)+ P (] |R3) F (Roils;), i=1,2
and
C o\ .
P (a:{ \32) =20 p (:vi |Rl> .
Proof. Parts i), ii) and v) are proved as Propositions 6.1, 6.2 and 6.3, respectively. Part
iii) is proved as Corollary 6.3 and Part iv) - as Corollaries 6.1 and 6.2. O]
Equilibrium: Solution

Theorem 5.1. Let Pzo denote the time-zero observed price of an asset with pay-
off function Z (xy) following a signal realization s; and when the cost of information
is A. Let P%’O denote the price of the asset in regime R; if it were fully observable,
and F(R;|s;) - subjective posterior probability of R; after observing s; under optimal

information strategqy. Then,
Pzo=F(Rilsi) Py o+ F (R_i|si) Pz
Proof. Note first that by the no-arbitrage principle,

Pro=> q(x) Z(x;) =

:;P(ZEHS)\ZSZ') I%Z(xt):Ep(xt|si) %Z(wﬁ s

T The claim rests on the assumption that the prior beliefs about R are unbiased.
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where Ep( |, [.] denotes the expectation induced by posterior beliefs P (z¢[s) = s;). By
the FOC of the portfolio selection problem under beliefs P (z¢|s) = s;) (see (6.1)),

q () ¢ ()
P (z¢]s) = s;) b

and by market clearing,

c(ry) =w(xy) Vay.

Hence,

Pzo=Ep(s) [5tw () Z(It)] :

w (o)

Finally, by Part v) of Theorem 4.1,
P ([E‘g|8/\ = Si> =P ($g|RZ) F(Ri|8i)—|—

+P (x{|R_z> F(R_i|si)

and so

Pz0= Ep(s) [ﬁ“" (@) Z<xt>] _ 3 (l";;Z(xt) P(ar]sy = ) =

w (o) w(x

=38 7 () P (il Re) F (Rils) +

Tt w (IO)

Y0 2 ) PR F (Reils) =

= F(Rilsi) P+ F (R_i|si) P},

35



