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Abstract

I revisit a two-period, two-state model of Chavchanidze (2021), in which I
analyze the portfolio selection problem of a rationally inattentive investor with
uniform priors and fixed prices. In this paper, I relax the two restrictions and
describe optimal information strategy for arbitrary prior beliefs, obtain uncondi-
tional signal probabilities and posterior beliefs in closed form and discuss asset
pricing implications in a stochastic discount factor framework. The results mirror
findings in Chavchanidze (2021): even with arbitrary priors and flexible prices,
incomplete information induces risk-aversion in the good state and risk-seeking
in the bad state relative to the complete information case. I also comment briefly
on how this framework can yield insights about risk premium and low risk-free

rate puzzles.
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1 Introduction

Standard Neoclassical models of asset pricing rely on ultra-rational investors who hold
correct beliefs and face no informational frictions. Such models, therefore, conflict with
data and generate some well-known empirical puzzles, such as the risk premium puzzle
or the low risk-free rate puzzle. Two strands of literature have emerged in reponse to the
shortcomings of the Neoclassical models. Behavioral approach modifies the standard
framework by modeling investors as being biased and having non-standard preferences
(see Shefrin (2008) for a thorough review of this approach), while the bounded ratio-
nality approach does not a priori model investors as suboptimal, but assume that they
face information processing costs, which induce behavior different from what is implied
by the standard Neoclassical models (see e.g. Batchuluun et al. (2019), Luo (2006)
and Mackowiak et al. (2020)). In the introductory section of Chavchanidze (2021), I
demonstrate how these approaches are different yet complementary and build a case
for their merger. More specifically, I propose incorporating Rational Inattention (RI)
approach - a model of bounded rationality - into a behavioral stochastic discount factor
framework. I provide a mathematical motivation and justification for the merger and
derive some of its basic proporties. I also discuss a portfolio selection problem in the
case of log-utility, 2 states, unfirom priors and fixed prices (Section 4), and illustrate
how the implications of this framework differ from those of the standard neoclassical
approach.

In this paper, I extend the analysis in Section 4 of Chavchanidze (2021) by relaxing
the assumptions of fixed prices and uniform priors, and analyze the asset pricing im-
plications of costly information. The contribution of this paper is three-fold. Firstly, it
illustrates some of the basic mechanisms of the model proposed in Chavchanidze (2021)
in a simple setting and in doing so, lays the foundation for understanding more complex
formulations that do not rely on two states or two periods. Secondly, it demonstrates
how the rational inattention approach can be incorporated into the stochastic discount
factor framework of asset pricing, a feat not yet attempted to the best of my knowledge
(even though the model was originally formulated in Chavchanidze (2021) in a more
general setting, asset pricing implications have not been discussed before). Thirdly, T
obtain unconditional signal probabilities and posterior beliefs in closed form and for
general 2-state distribution. This could greatly improve the tractability of the 2-state
2-period model, which could be very useful in itself. For instance, it can help provide

insights about how the cost of information might affect the risk free rate or the risk



premium, or how the incompleteness of information induced by RI might interact with
pre-existing behavioral biases, such as inaccuracy of prior beliefs about tomorrow or
the representativeness heuristic (even though this paper does not deal with behavioral
elements, a reader might refer to Sections 4.4. and 5.2 in Chavchanidze (2021) to see
how this framework can be used to analyze such biases in the context of imperfect

information).

2 Model Description

Consider a continuum of identical investors who want to allocate their wealth across
consumption today and consumption tomorrow. For each ¢t € {0,1}, there are two
possible states at time ¢ - a good state (2?) and a bad state (z}), t =0,1. In the good
time-zero state x%, the probability of the good state z7 tomorrow is p > %, while in
the bad time-zero state z{, the probability of the good state 23 tomorrow is 1 — p. The
prior probability of the good time-zero state a:% is po > % There are two assets the
representative investor can use to facilitate consumption in the two states tomorrow -
a risky asset and a safe asset. The risky asset pays X; units of consumption in state
x% tomorrow, j =1,2, Xo=1+a, X1 =1—a, 0 <a <1, while the safe asset pays one
unit of consumption in both states tomorrow. The economy is endowed with wgy units
of consumption today and w(ﬂl) units of consumption in state :v{ tomorrow, 7 =1,2,
w(z?) > w(al).

The representative investor has time-separable log-preferences over consumption and
wants to allocate her wealth across time-zero consumption and the two assets in a way
that maximizes her two-period expected utility. However, the probability distribution
over the two states tomorrow depends on the current state, which is unobservable. The
agent, therefore, maximizes her expected utility with respect to posterior beliefs induced
by a binary noisy signal s, that informs about the current state xg. A realization so
of s suggests that the current state is good (x3), while a realization s; suggests that
the current state is bad (). A >0 is a cost of information parameter that indicates
the costs of learning in terms of incurred disutility. Higher values of A\ correspond to
higher costs and A =0 corresponds to the complete information case in which xg is fully
observable.

The agent chooses s, in the Rational Inattention (RI) framework of Matejka and
McKay (2015) (see Sections 2.4 of Chavchanidze (2021) for mathematical details). For



now it suffices to say that s, maximizes the ex-ante usefulness of the information
strategy net of the cost of information, which is a linear function of A. The unconditional
probability of observing s, under optimal information strategy is ps . If ps x € {0,1},
signals are completely uninformative, in which case the representative investor does not
process any information and optimizes consumption using her prior beliefs.

A distinctive feature of the RI approach is that the form of signals to choose from is
not exogenously specified - the agent optimizes information strategy by choosing among
joint distributions of a binary signal s and time-zero state xy and has thus an implicit

access to any information strategy that she deems feasible.

3 Asset Pricing Implications

3.1 Asset Pricing with Arbitrary Beliefs

Consider the following choice problem: A representative investor wants to allocate her
wealth W across time-zero consumption and the safe and risky assets in a way that
maximizes her two-period expected utility of consumption, where the expectation is

taken w.r.t. beliefs (1—p,p) about (z},2%). The optmization problem is as follows:

max {u(Co) + BE;[u(C1)]}
Co,ar,ay
subject to
W —Cy=a,P-+apPs
C) = aTX+af7

where a, and ay are, respectively, the amount of the risky and safe assets purchased
and X is a stochastic pay-off of the risky asset. The subscript p on Ej;].] indicates the
dependence of the expectation operator on the probability p of the good state occuring.

The first-order conditions of the optimization problem w.r.t a, and ay give, respectively,
_u/(CO)Pr —|—6E}§ [u’(Cl)X} =0

_u/(CO)Pf —l—ﬁEﬁ [u’(Cl)} =0,

which imply




P;=3E; l (Cl)] .

u'(Co)

In equilibrium, Cy = wp and C’f = w(x{), j=1,2 and so the equilibrium prices are given
by

With u(c) = loge,
(o) _w_1
w (wo) wi g

where ¢ is a gross aggregate consumption growth rate. Denote

wo i _
o) o 7T
and note that in equilibrium
Py = BE; [“lf“gff)l)”] =3 ((1 ~5) 911 +15912> (3.1)
_ ' (w(1)) SN
P. = pE; l (@) X] 16 ((1 D) p X1 —|—p92X2> . (3.2)

3.1.1 Responses of Equilibrium Prices to Changes in Uncertainty

If we measure the degree of uncertainty inherent in the economy by the variance of
the probability distribution over the states of the world tomorrow, then the level of
uncertainty is described by p(1—p). Conditional on p > %, the uncertainty decreases
as the probability of the good state increases and vice versa. Consider now the partial

derivatives of the equilibrium prices of the two assets w.r.t p:




Note that a(;;f < 0 unequivocally, i.e. when the probability of the good state increases

(equivalently, when the degree of uncertainty falls), the equilibrium value of the safe
asset decreases. The response of P, to an increase in p depends on the sign of Q%Xg —
gilX 1, where X9 > X7 and g2 > ¢;. g%Xz is the marginal utility of owning an additional
e—amount of the risky asset in the good state tomorrow, while gile is the marginal
utility of owning an additional e—amount of the risky asset in the bad state tomorrow.
Whenever Q%Xg <L

g1
and does not want to ensure more consumption in the good state tomorrow relative to

X1, the agent has enough resources for consumption in state 2%

the consumption in the bad state tomorrow despite the increasing likelihood of the good
state. In that case, increase in p motivates the agent to increase consumption today
relative to planned consumptions in the two states tomorrow, which causes the values
of both assets to fall. Conversely, whenever g%XQ > g%X 1 the agent values additional
consumption in the good state tomorrow relative to the consumption in the bad state
and so increase in p encourages risk-taking, which in turn causes the price of the risky
asset to increase.

The wedge between P and Py, however, widens unambiguously in response to an

increase in p:

0 (PT — Pf) 1 1

— L =l -——(X1—-1)+—(X2—1)| >0, 3.3
s (- Loy 1 o) 33)

where the inequality follows by X9 —1=— (X7 —1). (3.3) can be interpreted as either a

consequence of an increased likelihood of the good state or as a consequence of decreased

volatility.

3.2 Optimal Signals and Posterior Beliefs

The optimal information strategy is described by the following Proposition:

Proposition 3.1. Let p, \ denote the probability of observing a good signal under the
optimal information strategy and the cost of information A\ and let py > % be the prior
probability of the good state at time 0. Then,

i) I\ > 0 such that the agent does not process any information for A > \.

) limy_,ops x = Po,
5 8
oo (H_e)\KL) XKL

_B
l_e XKL

i) For small enough A, ps \ =

)



iv) For small enough X, ags)(A > 0.

Proof. See Part A of the Appendix. m

i) indicates that for high values of A, the agent optimizes consumption using her
prior beliefs. ii) reflects a more general result in Chavchanidze (2021) (Lemma 3.4),
according to which signals are perfectly informative in the limit. ii) and iv) together
imply ps » > po VA > 0 and that signal informativeness falls with increasing costs. In
words, the information strategy can be described as follows: when information is very
costly to acquire (A > \), the agent chooses not to process any information. When A
is small enough, she selects signals that are biased towards the good time-zero state
and the bias widens as the cost of information increases, i.e. the agent becomes less
competent at identifying bad time-zero states.

The optimal information strategy induces posterior beliefs that are described in the

Proposition that follows:

Proposition 3.2. Let s; denote a signal realization that suggests the current state is

j, 7=1,2. Then, for small enough A

—PKL 1
Pryjoy (afls2) = (1=p) — +p
Tl 14e RKL T4 e RKL
and 5
2 — J—
Farsa s =(1 p)1+e—§KL+p1+e—§KL'
Proof. See Part B of the Appendix. n

Proposition 3.2 says that the posterior probability of the good state tomorrow is
a convex combination of 1 —p and p, the conditional probabilities of the good state
induced by different time-zero states. When a good signal realization is observed,
the probability induced by the good time-zero state receives a higher weight and vice
versa. Weights in turn depend on A, with smaller values inducing sharper reweighting
in response to signal realizations.

In Section 4.2 of Chavchanidze (2021), I obtain the same posterior beliefs in the
case of uniform priors. The proof of this proposition holds for arbitrary py > % This is
a striking result, since it implies that even if the agent has biased priors, the optimal

information strategy induces her to form the same posterior beliefs as those she would



have selected with correct priors. To see the intuition behind this result, note that by
Bayesian updating, the posterior belief about the good state tomorrow given a signal

realization s; today is given by

Pyyjoy (23157) = (1= p) Pr (wf]s; ) +pPr (a3]s;)

I show in the proof of Proposition 3.2 that the rationally inattentive investor forms
posteriors Pr (a:é]s]) about z}) by scaling the prior about x% - Dyi - by some constant
% that is inversely proportional to Py which induces the latter to vanish. The optimal
information strategy thus corrects any prior biases about zy and results in a posterior
that is objectively correct given the information and Bayesian updating (note that the
reasoning does not apply to investors who are biased in their beliefs about tomorrow
conditional on a known state today).

In Section 3.1 of Chavchanidze (2021), I prove in a more general setting that as
A — 0, the posterior beliefs converge in probability to the true probability distribution
over the states tomorrow when the agent has correct priors (in the setting of this paper,
the convergence holds with incorrect priors too). The intuition behind this result is that
in the limit, the agent observes correct signals with probability approaching to one and
applies a weight of zero to the incorrect probability of the good state tomorrow and a
weight of one to the true probability (the latter can easily be seen by inspection, since
e~ XKL goes to zero as A becomes tiny).

When forming posterior beliefs, an increase in the cost of information (equivalently,
a decrease in signal informativeness) induces the agent to apply relatively smaller weight
to p following a good signal realization and a relatively larger weight following a bad
signal realization (compared to the cases with smaller A). This induces the posterior
probability of the good state tomorrow given a good signal today to decrease with
increases in A and the posterior probability of the good state tomorrow given a bad

signal today to increase. This property is formalized in the Corollary that follows.
Corollary 3.1. For small enough X,

anl\s)\ (‘T%'SQ)
O\

anl\sA(x%lsl)

B >0



and ) )
an1|s>\ ($1|32) . _an1|sA (I1|51)

oA B O\
Proof. See Part B of the Appendix. n

3.3 Asset Pricing with Posterior Beliefs

Let pojin = Ppyjs, (2%|s;), i =1,2. When the representative agent prices the risky and

safe assets using posterior beliefs, expressions (3.2) and (3.1) in Section 3.1 become

1 1
Prs; =0 ((1 — i) ;Xl +P2|j,Ag2X2>
and
1 1
Prs, =0 <(1 —p2\j,A) o +p2j,,\gz> ;

where

1 1

Denote P, — Prs, = A s; and let A o be the differene between the equilibrium prices of
the risky and safe assets in state x6 of the complete information economy, i =1,2, j=
1,2. Then, if we let Paai, denote the probability of the good state tomorrow in state x%

today,

1 1
2= 5((1=mmg) £ 114y T (62 )

and

1 1
As; = Axg =P <<p2|j7)\ —Pz,mg) g (1-X1)+ 9 (X2—1) (pZIJ}/\ —PQ,xg)> -

= (pzj,,\ —pg,xg> B (;1 (1-X1)+ L (X2 — 1)) :

92
Since f3 (9—11(1—)(1)—1—9%()(2— 1)) > 0, the sign of Ag; —Amg depends on the sign of
PafjA ~ Py where

1=1—p

7'T()

Py

p27;1;0 =p

10



by model assumptions and

e~ 5KL

1
oy = (1-p) +p
| 1+e XKL "1 4 e 3KL

e_gKL n 1
P
14+e XKL "1 4 e 3KL

papex = (1—p)
by Proposition 3.2. This leads to the following proposition:

Proposition 3.3. Assume A is small enough so that the representative agent chooses
to process information. Let Ag; = P, — Py, and let A% be the differene between the
equilibrium prices of the risky and safe assets in state x4 of the complete information

economy, 1 = 1,2, 7=1,2. Then,

Asj — Al,g <0
Asj _Aa:(l) > 0.
Proof. P2lj\ — D242 < 0 and P2jjx — Dozl > 0,5=12 O

The proposition above says that relative to the complete information economy, the
price wedge in the incomplete information economy is smaller in the good time-zero state
and larger in the bad time-zero state, which is in line with the findings in Chavchanidze
(2021), according to which incompleteness of information induces risk-aversion in the
good state and risk-seeking in the bad state relative to the case with complete infor-
mation. When a bad signal is observed in the good state, the wedge is smaller because
the representative agent wrongly believes that the outlook for tomorrow is bad. When
a good signal is observed in the good state, the wedge is still smaller relative to the
complete information case, because the economy prices in signal noisiness (equivalently,
the possibility that the outlook is not as good as suggested by imperfect signals). Al-
ternatively, the price wedge in the perfect information case is higher, because the com-
plete information economy is endowed with funamdental uncertainty only, while the
incomplete information economy is endowed with fundamental as well as informational
uncertainty.

The analysis for the bad time-zero state mirrors the reasoning above: when a good
signal is observed in the bad state, the economy is mistaken into thinking that the

outlook for tomorrow is good and the price wedge widens. When a bad signal is observed

11



in the bad state, the price wedge is still bigger relative to the complete information case,
because informational uncertainty prevents economic agents from seeing with certainty
that the worst-case scenario is underway, which induces risk-seeking relative to the
perfect information case.

The proposition that follows describes how these effects change as the cost of infor-

mation increases.

Proposition 3.4. Let B, and Py, denote, respectively, the prices of the risky and
safe assets in the incomplete information economy following a signal realization s;,
7 =1,2. Assume X\ is small enough so that the representative agent chooses to process

information. Then,

0 (Prsy — Prs,)

B >0,
0 (Prsy = Prsy) iy
oA
and
O(Prss—Pray)  O(Prss— Prsy)
oA oA '
Proof. See Part C of the Appendix. ]

The proposition above implies that as information becomes more costly to acquire,
the effects of incomplete information are amplified when a correct signal is observed:
the price wedge corresponding to a bad signal increases (greater risk-seeking relative
to the complete information case) and the wedge corresponding to the good signal
decreases (greater risk-aversion relative to the complete information case). In contrast,
higher A mitigates deviations from the complete information cases when the signals are
incorrect, since the agent does not trust signals as much when A is higher and gives

relatively higher weight to priors.

3.3.1 Remark on the Risk Premium and Low Risk-Free Rate Puzzles

Note that in the incomplete information economy, % and i denote, respectively,

J
the return of the risky asset and the risk-free rate when the two assets are priced
according to the signal realization s;. Then, the unconditional risk premium in the

incomplete information economy is given by

12



X 1 X 1 X 1
EoyEpls, | o = 5— | =PsaBayjsy | o— — L=Psa) Bayjsy | 5~
sa Loz sy [Pr,s,\ Pf,s,\l DPs Aoz |sy [PT’& Pf,szl + ( ps,/\) z1]s1 lPr,& Pf’81‘| ;

which is the signal probability-weighted average of the conditional risk premia induced
by different signal realizations. When the cost of information changes, so do uncon-
ditional signal probabilities, conditional distributions over x; and the prices of the
two assets. Even though the expression looks complicated, the analytic closed-form
tractability should allow us to sharply describe the mechanisms by which different
changes induced by A interact with each other and determine the direction and mag-
nitude of the change in the unconditional risk premium, which could in turn provide

insights regarding the risk premium puzzle. Since Pfl is the risk free rate, analyz-

SN
ing Pfl alone in a similar way might illustrate some mechanisms relevant to the low
=5

risk-free rate puzzle.

4 Conclusion

I build on my previous work in Chavchanidze (2021), in which I showed that under
fixed asset prices, a rationally inattentive investor with uniform priors is risk-averse
in the good time-zero state and risk-seeking in the bad time-zero state relative to the
case with complete information. I extend the result by showing that the same holds
for non-uniform priors and flexible prices. Results in this paper are significant beyond
their immediate setting, since I obtain unconditional signal probabilities and posterior
beliefs in closed form and for general two-state distribution, which could help facilitate
analysis of informational frictions in more general cases, such as in multi-period models

or binomial asset pricing setting.
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6 Appendix

The appendix consists of the proofs of the propositions discussed in the body of the
paper. Any result that is classified as a Lemma in the appendix is an intermediate

result needed for proving one of the propositions that appear in the body.

Part A

Lemma 6.1. Let ps  denote the probability of observing a good signal under the optimal
information strategy and the cost of information \. Assume X\ is small enough so that
0 <psr <1 Then,

p0<1+e—§KL>__e—§KL

B8

Psx =

Proof. Let ps denote the probability of observing a good signal as a choice variable
under the control of the optimizing agent. By Corrolary 2 in Matejka and McKay
(2015), under the assumption that 0 < pg y <1 (which holds for small enough cost of

information \), the optimal choice of ps satisfies

(1—po) e_fKLﬁ +po ! =1 (6.1)
1_ps+ps€_XKL p5—|—(1—p5)e_XKL
and Cxr
(1—po) . gt Do S —— (6.2)
1—pst+pse 3L pot (1—p,)e AEE

Multiplying both sides of (6.1) and (6.2) by ps+ (1 — ps) e~ 3KL and doing trivial alge-

braic rearrangments, we get, respectively,

SKL BKL

ps+(1—ps)e 3"  ps+(1—ps)e” 3" —po (6.3)
1 — py+pse™ KL (1—po)e REL
and
pet (1—po)e XKL pot(1—py)e XKL — ppe= KL
1 —py+pse”TKL (1=po)

Note that the LHS in both expressions above are the same and so

s s s
ps+(L—ps)e 3 —po _ pyt(L—ps)e x5 —pge KL
(1-po)e RKE (1=po) ’
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which implies by straightforward algebra that

Bk 8 8 5
ps+ (1 —ps)e XL —pg = e XL 4 (1 —ps) e 2L — ppe 2x KL
Bk 8 8 5 5
Ds (1—2@ KL e 2>\KL) e 3L Lo 4 e 2XKL _p om25KL

2
s <1 B 6—5KL> ~ o <1 B 6—2?1@) 4o RKL <€—§KL B 1) 7

where the RHS on the third line satisfies

RHS = po <1 _ 6—§’KL> (1 +6—§KL> _ o SKL (1 B e_fKL> _
= (1 - eﬁKL) (po (1 +e§KL> — efKL) :
2
(1) (1 80) (e 888) i)

Po <1 +e_§KL> — e_gKL

8
1 —e_XKL

Hence,

and

DPs =

]

Corollary 6.1. 3\ > 0 such that the agent does not process any information for A > .

. . _B
Proof. Note first that since limy_,o e~ 35 =1 and pg > %,

B8 B . _B . _B
Do (1+6>\KL>—6>\KL Do <1+11m)\_>ooe AKL) —limy_, e A KL
lim =

B - . _B -
A—00 1—e XKL 1—limy e SKL

2p0—1

=00 (6.4)
1—limy_ engL

. . _B
and since limy_,ge X%L =0,

B B . B . B
Do <1—|—€_>\KL) —e 3L py (1 +1lim)y_,q e_/\KL> —limy_,ge XKL
lim =

_B - : _B -
A—0 1 SKL 1—limy e SKL

—€

=po < 1. (6.5)

16



) _Bkr
Next, set ——5y—2% = ¢’ and observe that since ¢/ = K L® ;\2 >0,

8 s
5 (o (1 Jr€AKL> _ o SKL

(2D 1_ o—5KL

e (po — 1) (1 — egKL) + (p() (1 —FegKL) — efKL> e

7 2
=

_ @D (6.6)

2
(500

Suppose now that the agent chooses to process information for all A > 0. Then, 0 <

ps.x < 1 (otherwise, the agent observes only one signal realization with probbaility 1,
in which case information strategy is completely uninformative and it is not optimal
to incur costs for signals that do not inform about the state of the world). By Lemma
0 (1+e—§KL> _e—gKL . (1+6—§KL> _e—gKL

B B
1o~ XKL 1o~ XKL

e )
a continuous function of A, (6.5), (6.4) and (6.6) together imply that I\ > 0 (call it \)
such that

is

, but since

6.1, 0 <ps . <1 implies ps \ =

B B
o (140 8K) — -4

8

=1,

which is a contradiction. Hence, the agent does not process any information whenever

the cost of information parameter equals A and (6.6) implies the same holds VA > X. [

Proposition 3.1. Let ps \ denote the probability of observing a good signal under
the optimal information strateqy and the cost of information \ and let py > % be the
prior probability of the good state at time 0. Then,

i) I\ > 0 such that the agent does not process any information for A > \.

i) limy_,0ps x = Po,
5 8
20 <1+6)\KL> _RKL

_B
|~ XKL

)

i) For small enough A, ps \ =

iv) For small enough X, agif > 0.

Proof. iii) is proved as Lemma 6.1 and i) is proved as Corollary 6.1. See (6.5) for ii)
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and (6.6) for iv). O

Part B

Lemma 6.2. Let py ) denote the probability of observing a good signal under the optimal
information strateqy and the cost of information \. Assume pg > % and \ is small enough
so that 0 < p,s x < 1. Then,

B 2
Ps.\ + (1 _ps,)\> € AL
(1 —po) Bl > Do.
1 —DPs, A ‘i_ps,)\e_X

Proof. By Lemma 6.1,

o (140 48L) -t

Ps )\ =
1— e’gKL

and ,
1—po (1 +6_AKL)

—SKL

Y

l_ps,)\ -
— €

which implies that
_B
Ps 2 + (1 _ps,)\) € AL =

" (1 +6—§KL> o RKL | 8KL e_gKLpO (1 +6—§KL>

1 _ ¢~ 5KL a
Po (1+6_§KL) (1—€_§KL) 5
- — - <1—|—6_AKL>. (6.7)

Hence, by (6.3),

Psat (1 —ps,A) e KL _ Psat (1 —ps,A) e XKL pg
kL KL B

L—psr+psre” X (1—po)e™x
-SKL
P0<1+6 X >—po o
I O S )
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which implies that for pg > 1/2

_8 2
Ds. A + (1 _ps,)\) € KL
(1=po) ixkr | T
1 —Ds,\ ‘i_ps,)\e_X —bo

> Do-

]

Proposition 3.2. Let s; denote a signal realization that suggests the current state is
j, 7=1,2. Then,

—8KL
Prjon(@ls2) = (1—p) —— 4 p—
Al AR T e T
and 5
1 e_XKL
Pwl|s>\(x%|31):(1_p) +p

14e XKL T p e KKL

Proof. By Proposition 3.1 and Sections 3.2 and 4.2 in Chavchanidze (2021), the poste-
rior beliefs with log-utility and 2 states are given by

Payn68152) = (=) (=) —— !
Tl L= paa+psae 3L p st (1-py ) e 3K
and
Prjoy (@3ls1) = (1=p) (1 po) L
1—psr+psae AL Ps T (1 _pS,)\) e KL
By (6.7),
Ps A+ (1 —ps,A> e XKL — pg (1 + BQKL> (6.8)

and by Lemma 6.1,

_B
1 —DPs,\ +ps,/\€ AL -

L=po <1+€_§KL) —i—e_gKLpO <1 —i—e_fKL) —e‘gKLe_gKL

1 _engL
—Po (1 + egKL> (1 — efKL) + (1 + e/;KL) (1 — egKL)
- 1 _e_gm -
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= —po (1 —i—e_[;KL) + (1 —i—e_gKL) = (1—po) (1+6_§KL) : (6.9)

Inserting (6.8) and (6.9) back into the posterior beliefs yields the claim of the proposi-

tion. [
Corollary 3.1. For small enough X,
apml\sx(x%lsz) <0
o\
apa:l\s,\(x%lsl) <0
oA
and ) )
8P11|SA($1|82) . _an1|SA<x1|81)
O\ N O\
Proof. Note that
—8KL
1
T (6.10)
and so 5
%) 1 %) XKL
S ) S =0 (6.11)
OMN\14e3KL)  ON\ 14 3KL
Hence,
AP, |5, (22]s2) B RKL 1
oA O\ 1 L RKL ON\1 1 e—8KL

0 1 0 1 0 1
__(1_]))8)‘(1—1-6[;[“)—'—])8/\(1—1-6§KL>_8>‘<1+6 >(2p—1)

and 5
0P, s ($2’31) 0 1 0 e KL
o =g e ) | | =
aA @)\ 1—|—€_XKL aA 1_'_6—XKL
0 1 0 1 0 1
=1-9=——-p——|—|=—|—](1-2
( p) oA <1+e_§KL> pa)‘ <1+6_§KL> oA <1+e_§KL> ( p),

where the second equality in both equations follows by (6.11). This shows

anl|3)\($%|82) o _anﬂSA(xﬂsl)
O\ B O\

20



Lastly, note that p > % by assumption and

1 KLe XKL
)
)\2

ON\1 4 e=REL (1+6§KL)

P, 3 P, s, (1
which together imply that M < 0 and w > 0. O

Part C

Proposition 3.4. Let P, 5; and Py s denote, respectively, the prices of the risky and
safe assets in the incomplete information economy following a signal realization s;,
7 =1,2. Assume X is small enough so that the representative agent chooses to process

information. Then,

O (Prsy = Prs,)

o\ >0,
0 (Prsy — Prsy)
o <0

and

O(Prsy—Prsy)  0(Prsy—Prsy) |

oA oA

Proof. Let pyjj\ =P, (23]s;) and recall that

1182

1 1
Prs;—Prs, =P <(1 _p2\j,)\) 0 (X1-1) +p2\j,)\£ (X2 — 1)) :

which implies
O(Pray = Prs;) _ 0(Prs, = Proy) Opayin _
O Opaljn OA

(L x— e L) 22
5( gl(Xl 1)+92(X2 1)) o\

By model assumptions, /3 (—l (X1 —1)+ g% (X2 — 1)) > 0 and by Corollary 3.1,

g1

Ipa|1.x
O\

Ipaj2,\

B >0

<0,

21



and
Opajpn — Ipapin

() O\

The claim of the Proposition is then immediate. ]

Part D

In this last part of the Appendix, I show how Corollary 3.1 can be proved without

knowing an explicit expression for pg %

Lemma 6.3. Let py ) denote the probability of observing a good signal under the optimal

information strategy and the cost of information X. Then,

2
_B
aps)\ 1 BKL (1_ps,)\) e_gKL (1 ) (ps,k_'_ (1—}?37)\)6 AKL)
W - _F _BKL — L =Do ; >
bmes (1_]73,/\ +ps,xe‘AKL)

—1

+po | X

) (ps,)\ + (1 _ps,)\) 65KL> i

8
<1 —Ds,\ +ps,)\6_)‘KL)

x| (1—po

Proof. Let ps denote the probability of observing a good signal as a choice variable
under the control of the optimizing agent. By Corrolary 2 in Matejka and McKay

(2015), the optimal choice of ps under small enough cost of information \ satisfies

(1 - po) AR + ! 1 (6.12)
— Do B Po ~ B =1, .
L—ps+pse 3L pop (1—ps)e KL

i.e. (6.12) is the first-order condition of the optimal signal selection problem. Taking

the total differential of the expression above w.r.t A and pg, we get

OLHS OLHS
dps d\ =0, 1
e Pt 55 0 (6.13)

IEven though Ds,» can be obtained in closed form in the setting of this paper, in general this is not
always feasible. The proofs that follow illustrate a general approach that can be useful for determining
the signs of the derivatives of posterior probabilities w.r.t A in more general cases.
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where LHS denotes the left-hand side of (6.12) and 8(%;1 S and 8%];\[ S are given by

—SKL —8KL
OLHS ¢ (1—6 * ) ] — e XKL
ap = ( _p0> 5 2 +Do 5 5 =
’ (1 —ps+pseAKL) (ps+ (1 —ps)eAKL)
2
s 8 5
(ps+(1—ps)6AKL) e AL (1—eAKL) |_ o SKL
= (1 _pO) D) +Po =

NTOAS —8KL 8rr)\:
1 —ps+pse™ X s+(1_ps)€ A s+(1_ps)€ A
2

8
-8 1—ps)e x KL
1—e /\KL < s+( Ps ) s

B 3 7| (=m0 p 5 € AL g (6.14)

<p5+(1—ps)e—AKL> (1—p3+p56_,\KL>

and
KLL ~RKL —JKLY) _ 1— -SKL KLL —PKL
OLHS PEL3ze pse Ps +Dse BKLe
—(1—
O\ ( pO) ire 5 +
(1—p5+pse X >
+Do PEL{=ps) @—gKL
5=
8
/\2 <ps + (1 —ps) ex\KL>
8 8
(- py) LKL =ps)e ik oL BEL(=p)e ARE
<1_ps+ps@_AKL> ( s+(1—ps)6_,\KL)
8 8k
1 BKL(I—pS)efoL s+ (1—ps)e 7
=2 | (=m0 | (6.15)
( 3+(1_p8>e_>‘KL) (1—2?.9 +ps€_>\KL)

(6.13) gives an implicit expression for the required change in the choice variable ps
(in response to an exogenous change in A) so that the information strategy remains
optimal. Hence, putting together (6.13), (6.14) and (6.15), we get

Opsp _dps P55
o\ d\  9LHS —
Ops
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| BKL(1—pyn)e 3K
:_ﬁ 1_67§KL _(1_]70)

-1
(ps,)\ + (1 - ps,)\) e_fKL> :

BKrI
B 5—€¢ AT +Do
<1—P57A+ps,A6 A )

X (1—p())

]

Lemma 6.4. Let le‘sA(fE%LSQ) denote the probability of the good state tomorrow con-

ditional on observing a good signal today. Then,

aPZEﬂS)\ ($%|82)

0N <0.

Proof. Consider P, ,, (23]s2) as a function of A and p; y, i.e. for the purposes of the

— apr s (Avps,/\)
proof, set le‘SA(x%\SQ) = Ppyls, (A, psn) and let 1‘3—/\

tive of Py |5, (A;psn) Wt to its first argument (equivalently, a partial derivative of

denote a partial deriva-

Pyisy (23]s2) w.r.t. A conditional on keeping ps ) fixed). Then, by the chain rule of

differentiation,

8Px1\s,\ O‘vps,)\> _ 5Pm1|s>\<)‘7p5,)\) i 8Pm1\s>\ O‘va,)\) aps,)\

B)) 53 s\ oX (6.16)
Note that the LHS of (6.12) given by
(1—po) i — +10 ! 5 (6.17)
L—ps+pse x5 pt (1—pys)e 3KE
is analoguous to
engL 1

Py s, (Apsn) = (1—=p) (1= po) T PP

_ _B
1 — Ds,\ +p57)\6 A Ds 2 + (1 _ps)\) € KL

in that we get Py, |5, (A,ps ) by multiplying the first summand in (6.17) by (1 —p) and
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the second summand - by p. Hence, by analogy to (6.14) and (6.15), we get, respectively,

B

ap:c1|s)\()‘>ps,)\) — y

s, (ps,,\ " (1 _p&A) . AKL)

(ps,,\ + (1 —psA) e‘fKL>2

_B
5oN\2 ¢ M ppg
(1 — Ps,\ +ps,)\e’\KL>

x| (1=p)(1—po)

and 6
8P£61|S)\()\7p8,)\) B 1 LKL (1_ps,)\) o~ 5KL )
) BBV ——
AN
(ps,A +(1-pa)e s )
it 5 +ppo | - (6.18)

8
(1 —Ps +ps,)\e_)‘KL)
Hence, by Lemma 6.3,

ﬁKL 2
<p57>\+(1p37)\)e_/\ ) -
e X7+ ppo

(1—p)(1—=po) P
an1|8>\(>‘aps,/\) aps,/\ o (1ps,>\+Ps,>\6 A ) )
T 2
Ops. O\ (pS,,\-l-(l—ps,,\)@_fKL) )
(1 _pO) 3 5 B_XKL_}_pO
(1_ps,)\+ps,>\€_>‘KL>
2
KL(1 ~SKL P +(1—p )e—gm
1 6 ( _psa)‘) e A SvA S,A
72 N (1 _p()) 2 +p0 I

2
_B _B
<p57)\ + (1 —ps)\) e /\KL) (1 —DPs At Ds,\€ AKL)

which in turn implies by (6.16) and (6.18) that

_B
0Py (Apsa) _ 1 BEL(1=pop)e 550
O Y PR
(ps,A+(1—p87)\)€ AKL>
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x| =(1=p)(1—-po) f— +ppo—
(1 —DPs,\ +ps7>\6_)‘KL)
8 2
<ps,/\+<1_ps,)\)e_/\KL) BKL
(1—p)(1—po) e A+ ppo
(1_ps,/\+ps,)\6_/\KL)
_ ; .
(ps,)\+(1_ps7x\)6>‘KL> 'GKL
(1—po) SNTe A4 po
(1_ps,A+ps7x\eAKL>
(ps,/\ + (1 _ps,)\) € AKL)
x | —(1—=po) —+oo || =

=AX (Bl —Bng).

It is obvious that A > 0. Hence, if we can show that (B; — B2B3) < 0, the proof will be
complete. This will be accomplished next. Note that since % <p<1,ppo>(1—p)po

and so

8 2
<ps + (1 _ps)e_’\KL>
Br=—(1-p)(1—po)

( S+(1—ps)e_§KL>2

3 2
<1 —Ds “‘pse_AKL)

<—(1-=p)(1—po) +(1=p)po =

=(1=p) [ =(1—=po)
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and

8 2
(Ps,,\Jr(lps,A)e_AKL)

_B
e AL 4 ppg

(1=p) (1 =po) 5
(1ps,,\+ps,,\€AKL>
By = 5 5 >
(ps )\+ 1 —Ds, )\ € AKL) ﬁ
(1—po) 3 e A
<1 ps,A+ps,Ae )‘KL>
2
(ps /\+ 1 —Ds, )\ /\KL) 8
(1=p) (1 —po) s e M (1=p)p
<]— ps,)\+ps,Ae )‘ )
=(1-p)

> 5 3
<ps,A+<1_ps,)\)e)‘KL)

(1 _pO) 3 p)
<1_ps,/\+ps,)\e)‘KL)

Combining these with Lemma 6.2, we get that

_8
e SKL + o

Bl—Bng<(1—p)B3—(1—p)33:O,

as desired.
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